Proof Theory for Theories of Ordinals 
III:nAr-Reflection 

^ I Toshiyasu Aral 

Graduate School of Science, Chiba University 
^ . 1-33, Yayoi-cho, Inage-ku, Chiba, 263-8522, JAPAN 

. tosarai@faculty.chiba-u.jp 



o 



X 



July 5, 2010 



Abstract 



This paper deals with a proof theory for a theory Tat of Ifiv-reflecting 
ordinals using a system Od(njv) of ordinal diagrams. This is a sequel to 
the previous one [6] in which a theory for Ila-reflecting ordinals is analysed 
proof-theoretically. 



t:j- ■ 1 Prelude 

OO ■ This is a sequel to the previous ones [5j and [6] . Namely our aim here is to give 

^D I finitary analyses of finite proof figures in a theory for IlAr-reflecting ordinals, 

f~^ ■ [M] via cut-eliminations as in Gentzen-Takeuti's consistency proofs, p^ and 

^D I [H]. Throughout this paper N denotes a positive integer such that A'' > 4. 
^^ ■ Let T be a theory of ordinals. Let fi denote the (individual constant corre- 

sponding to the) ordinal wf ^. We say that T is a H^ -sound theory if 



VHa A{Th- A^^ => A^ 



Definition 1.1 {H^-ordinal of a theory) Let T be a H^-sound and recursive 
theory of ordinals. For a sentence A let A" denote the result of replacing 
unbounded quantifiers Qx {Q € {V, 3}) in A by Qx < a. Define the H^ -ordinal 
|r|nn of Thy 

\T\^n:^ inf{a < wp^' : VHa sentence A{T h A" ^ A")} < u^^ 

Roughly speaking, the aim of proof theory for theories T of ordinals is to describe 
the ordinal | T jjjn . This gives Hj^-ordinal of an equivalent theory of sets, cf. [5]. 



Let KPZIat denote the set theory for IlAr-reflecting universes. KPIIjv is 
obtained from the Kripke-Platek set theory with the Axiom of Infinity by adding 
the axiom: for any IIjv formula A{u) 

A{u) -^ 3z{u G zkA^{u)). 

In [9] we introduced a recursive notation system Od{IlN) of ordinals, which 
we studied first in [I]. An element of the notation system is called an ordinal 
diagram (henceforth abbreviated by o.d.). The system is designed for proof 
theoretic study of theories of Iljv-reflection. We P] showed that for each a < fl 
in Od{Ilis[) KPHat proves that the initial segment of Od(njv) determined by a 
is a well ordering. 

Let Tn denote a theory of IlAr-reflecting ordinals. The aim of this paper is 
to show an upper bound theorem for the ordinal \Tn In"- 

Theorem 1.1 VHa ^(T^ h A" ^ 3a e Od{UN) | rj A") 

Combining Theorer dl.ll with the result in 9 mentioned above yields the: 

Theorem 1.2 | KPn^v In.,^! Tjv IR^^ t^e order type of Od{nN) \ ^ 

Proof theoretic study for IlTv-reflecting ordinals via ordinal diagrams were 
first obtained in a handwritten note [5]. 

For an alternative approach to ordinal analyses of set theories, see M. Rath- 
jen's papers [11], [12] and [T3] . 

Let us mention the contents of this paper. 

In Section [5] a preview of our proof-theoretic analysis for Iljv-reflection is 
given. As in [3] inference rules (c)J^ are added to analyse an inference rule 
(IlTv-rfl) saying the universe of the theory Tjy is IlTv-reflecting. A chain is 
defined to be a consecutive sequence of rules (c). 

In Subsection 12.11 we expound that chains have to merge each other for a 
proof theoretic analysis of Tat for iV > 4. An ordinal diagram in the system 
Od(nAr) defined in [9* may have its Q part, which has to obey complicated 
requirements. In Subsection 12.21 we explain what parts correspond to the Q 
part in proof figures. 

In Section [3| the theory Tjv for IlAr-reflecting ordinals is defined. In Section 
[Diet us recall briefly the system Od(njv) of ordinal diagrams (abbreviated by 
o.d.'s) in [g. 

In Section [Sj we extend Tjv to a formal system Tnc- The language is ex- 
panded so that individual constants Cq. for o.d.'s a G Orf(nAr) | n are included. 
Inference rules {c)'^_^ are added. Proofs in Tjvc defined in Definition 15.81 are 
proof figures enjoying some provisos and obtained from given proofs in Tat by 
operating rewriting steps. Some lemmata for proofs are established. These are 
needed to verify that rewrited proof figures enjoy these provisos. To each proof 
P in Tatc an o.d. o{P) € Od{Ilpf) \ fi is attached. Then the Main Lemma TS. II 
is stated as follows: If P is a proof in T^vc, then the endsequent of P is true. 



In Section [5] the Main Lemma 15.11 is shown by a transfinite induction on 

o{P) e Od(nAr) I n. 

This paper rehes heavily on the previous ones 5 and [5]. 

General Coventions. Let {X, <) be a quasiordering. Let F be a function 
F : X 3 a ^ F{a) C X. For subsets Y, Z C X oi X and elements a, /3 G X, 
put 

1. a<f3<^a<l3oTa^l3 

2. Y \a = {l3 eY : P <a} 

3. Y < Z -.^313 e ZVa e Y{a < l3) 

4. Y < p-.^Y <{P}<=>yae Y{a < /3); a < Z :4=^ {a} < Z 

5. Z <Y -.^^13 e Z3a e Y{l3 < a) 

6. P <Y :<=^ {13} <Y <^ 3a e Y{P < a); Z < a :<=> Z < {a} 

7. F{Y) - [j{F{a) : a e r} 

2 A preview of proof-theoretic analysis 

In this section a preview of our proof-theoretic analysis for IlAr-reflection is 
given. 

Let us recall briefly the system OdiliN) of o.d.'s in [9]. The main constructor 
in Odijl-N) is to form an o.d. d|a from a symbol d and o.d.'s in {cr, a} U q, 
where a denotes a recursively Mahlo ordinal and q = Q(d|a) a finite sequence 
of quadruples of o.d.'s called Q part of d^a. By definition we set d^a < a. Let 
7 -<2 (5 denote the transitive closure of the relation {(7,(5) : 3q, a(7 = d^a)}, 
and <2 its reflexive closure. Then the set {t : cr -<2 t} is finite and linearly 
ordered by -<2 for each a. 

An o.d. of the form p = d'^a is introduced in proof figures only when an 
inference rule (n^f-rfl) for IlAr-reflection is resolved by using an inference rule 

q in p = d^a includes some data sti{p), rgi{p) for 2 < i < N. sijv-i(yo) is an 
o.d. less than e^+i and rgfq-i(p) — tt, while sti{p),rgi{p) ioi i < N — 1 may 
be undefined. If these are defined, then we write rgi{p) J,, etc. and k — rgi{p) 
is an o.d. such that p -<i n, where 7 -<i 5 is a transitive closure of the relation 
pdi^j) = 5 on o.d.'s such that ^i+iC^j and ^2 is the same as one mentioned 
above, q also includes data pdi{p). sijv-i(/o) is defined so that 

7 ^JV-l P^ siAr_i(7) < sijv-i(/o) (1) 

In Subsection 12.21 we explain what parts correspond to the Q part in proof 
figures. 



A theory Tat for IlTv-reflection is formulated in Tait's fogic calculus, i.e., 
one-sided sequent calculus and F, A . . . denote a sequent, i.e., a finite set of 
formulae. Tjv has the inference rule (Iljv-rfl): 

p (HA^-rfl) 

where A = ^xn^xn-i ■ ■ ■ QxiB with a bounded formula B. 

So (njv-rfl) says A -^ 3zA\ 

To deal with the inference rule (Iljv-rfl) we introduce new inference rules 
{cYp and {Y.^Y (1 < z < iV) as in [6]: 



r A'^ 



p 



where A is a set of Iljv-sentences as above, A'^ = {A" : yl £ A}, the side formulae 
r consists solely of EJ-sentences and p is of the form d^a. 

V,^A" A'^,A , , 

r,A (^^)^ 

where A is a Si sentence. Although this rule (Si)"^ is essentially a (cut) inference, 
we need to distinguish between this and (cut) to remember that a (Hjv-rfl) was 
resolved. 

When we apply the rule (c)^ it must be the case: 

any instance term (i < a for the existential quantifiers 3xM-i < cr(i:odd) 
in A" = \fxN < <73xn-i < u ■ ■ ■ Qxi < aB is less than p (2) 

As in [6] an inference rule (Iljv-rfl) is resolved by forming a succession of rules 
(c)'s, called a chain, which grows downwards in proof figures. We have to 
pinpoint, for each (c), the unique chain, which describes how to introduce the 
(c). To retain the uniqueness of the chain, i.e., not to branch or split a chain, 
we have to be careful in resolving rules with two uppersequents. Our guiding 
principles are: 

(chl) For any A'^ with r = d%a, if an o.d. /? is substituted for an existen- 

tial quantifier 3y < a in A'^ , i.e., /3 is a realization for 3y < a , then /3 < t, 
cf. 0, 
and 

(ch2) Resolving rules having several upperseuquents must not branch a chain. 



^For simplicity we suppress the parameter. Correctly Vm(A(m) — )■ 3z{u < z&cA^{u))). 



2.1 Merging chains 

As contrasted with [Sj for Ils-reflection we have to merge chains here. Let us 
explain this phenomenon. 

We omit side formulae in this subsection. 
1) First resolve a (IlAr-rfl) in the left figure, and resolve the {'^n)'^ Jq to the 
right figure with a Ejv-i Ai: 



=^ (Sat)^ Jo -^ Ji (Siv-i)^ 

with A = Va;ArE3a;Ar_iVa;Ar_2^3, o = d^a, where A3 = 3XJV-3A4 is a SAr_3- 
formula and a denotes the o.d. attached to the uppersequent A of (c)J. 

2) Second resolve a (n^v-rfi) above the (c)J /q and a (Sat) as in 1): 

Pi 
Ai,B 

^^ (Sjv-i)'" -^A\ Al,^B^ ,^Bl ^Al Al,Bl ^^'^ 

W -nB^,^BT B? "^^ 

( \^ T 

^B[ 'Bf ^^'^^ 

^ Fig. I 



with a r = d'^j3 and a Sat-i Bi = 3yN^i\fyN^2B3, where v denotes the o.d. 
attached to the subproof Pi ending with the uppersequent Ai,B of (c)J Iq. 
After that resolve the (Etv-i)'^ Ji'- 



J'o 



P2 

AuB 




Ai,Bi,A2 A 




-^Al Al.B" ^° 




-^Al A1,B'[,A^ A" 
B1,A^ 


^A" ,^Al 


B" 


-,4°' 


B"- -nB^, 


^B[ 


Sf 




^Bl 




Bl 





Then resolve the (Sat)'^ Jq : 



P- 



3 



Ai,B . _ 4^ /^A^ 7-/ 



5^ Bl.Al -.Al 



(HAT-rfl) iJ 



B^ ^B^,^BT B? 

^Bl ^^^^rh 

K 



{^N-2Y J2 



3) Thirdly resolve a (IlAr-rfl) iJ above the (c)J/g. One cannot resolve the 
(Iljv-rfl) H by introducing a (c)^ with p < t. Let me explain the reason. 

Suppose that we introduce a new (c)^ /{ with p = dl^^ immediately above 
the {^N-2Y -h as in [B]. Then the new (c)^ /{ is introduced after the {c)% h 
and so p = (ijj7 < r. Hence a new (Sat)'' if' is introduced below the {Tjm-iY K: 





-AJ,-i!^ if,!?'^ 






-S[ 


7, K 



^ ^K' F.5.2 



with D = Vz7v3z7v-iVz7v-2-D3- Nevertheless this does not work, because -1A2 = 
3a;Ar_3Va::7v-4^^4 is a S7V-2 sentence with N — 2 > 2. Namely the princi- 
ple (chl) may break down for the {cY I[ since any o.d. 6 < a, i.e., possi- 
bly 6 > p may be an instance term for the existential quantifier 3xn^3 in 
A2 = Va;Ar_23a;jv-3^4 and may be substituted for the variable xat-s in -1^2- 
Only we knows that such a i5 is less than a and comes from the left upper part 
of J2. 

4) Therefore the chain for H has to connect or merge with the chain Iq — Ii for 
B: 

^Al I^^o ^Al.^Al ° Al,D- ° 

BY_ r, Bl,A^^ ^A-2,D'' 

B^ 1 ^B^,^Bl BI.D" ^ 

^B[ 'Bijr ^^ 

Fzg.3 
with p = d^7 and a (S^r)'' with the cut formula DP follows this figure as in 
Fig.2, where 77 denotes the o.d. attached to the uppersequent Ai,D of (c)J Iq. 
(T,N^2Y J2 is a merging point for chains Iq — /i and /q — /i — 12- 

The principle (chl) for the new (c)^ /2 will be retained for the simplest case 
iV = 4 as in |S|. The problem is that the proviso ((Ij may break down: it may 
be the case v = sijv_i(T) < stpf^i{p) = r] since we cannot expect the upper 
part of (c)J Iq is simpler than the one of (c)J Iq. 

In other words a new succession Iq — Ii — I2 of collapsings starts. This is 
required to resolve S^_2 sentence -1A2 [N — 2 > 2) and hence a has to be 
Iljv-i-refiecting. 



If this chain /q — /i — I2 would grow downwards as in Ils-reflection, i.e., in a 
chain Iq — Ii — 12 — ■ ■ ■ — In, In would come only from the upper part of /g, then 
the proviso ([T]) would suffice to kill this process. But the whole process may be 
iterated : in Fig.3 another succession /q — Ii — I2 ^ I3 raay arise by resolving 
the (Eat)- J^. 

Nevertheless still we can find a reducing part, that is, the upper part of 
the (c)p/2: the upper part of the (0)^/2 becomes simpler in the step I2 — Is- 
Furthermore in the general case N > 4 merging processes could be iterated, vz. 
the merging point (T,n^2Y ^2 niay be resolved into a (Sjv-s)''^ , which becomes 
a new merging point to analyse a S^v-a sentence A'^^ where pi r^ p is a njv-2- 
reflecting and so on. Therefore in Od{IlN) the Q part of an o.d. may consist of 
several factors: 

(r, a,q = {vi, Hi, n : i e In{p)}) i-^ d^a = p 

with kn-1 = rgisf^ilf) — tt. In{p) denotes a set such that 

TV - 1 e In{p) <Z{i:2<i<N -I}. 

We set for i e In{p): 

sti{p) = Vi,rgi{p) = Ki,pdi{p) = n. 

Hi ^ In{p), set 

M(p) ^vdt+i{p),sU{p) ~ sU{pd^{p)),rg^{p) ~ rg,(jpd^{p)). 

Also these are defined so that pd2{p) = t ioi p ~ d%a. 

For the o.d. p = d?7 in the Fi.g.3, In{p) ^ {N ~ 2,N ~ l},stN-i{p) = 
r],pdN-i{p) = a,rgN-2ip) = t ^ pdN-2{p),stN-2ip) = 7 = s*2(7)- 

Thus Ui = sti{p) corresponds to the upper part of a (cysiip) while rjv-i = 
pdisi-i(p) indicates that the first, i.e., uppermost merging point for a chain 
ending with a {c)p is a rule (E7v-2)^"~% e.g., the rule J2 in Fig.?,. Note that 
stN-i(p) — 1] < stpf^i(pdN-i{p)), cf. ([T|). Ki — rgi{p) is an o.d. such that 
there exists a (c)"' in the chain for {c)p. We will explain how to determine the 
rule (c)''^'^''\ i.e., the point to which we direct our attention in Subsection 12.21 

The case In{p) = {N — 1} corresponds to the case when a (c)^ i^-^yP) jg 
introduced without merging points, i.e., as a resolvent of a (Hjv-rfi) above the 
top of the chain whose bottom is a (c)prfj^_ J (p). The case In{p) — {A^ — 2,A^ — 1} 

corresponds to the case when a (c)'^ ^ {pd2{p) = pd]y^2{p)) is introduced with 
a merging point (c)p'^™-i(^). 

In Fig.3 a new succession with a merging point {c)p I2 arises by resolving a 
(Ejv)"^ below the (c)^ /{, i.e., Iq — I[ — I2 — h (c)^ for a k with a A = stM-i{n). 
But in this case we have 

A = stM-lin) < stAr_i(T) = ly. 

stN~i{K) corresponds to the upper part Pi of a (c)J /q in Fig.l, when the (c)^ 
was originally introduced. This part Pi is unchanged up to Fig.i: 



Pi = P2 = Ps = Pi- Roughly speaking, Jo — /( — I3 can be regarded as a IIjv-i 
resolving series Iq ^ Ii — I3. This prevents the new merging points from going 
downwards unlimitedly. 

2.2 The Q part of an ordinal diagram 

In this subsetion we explain how to determine the Q part q oi p = d'^a from a 
proof figure when an inference rule (c)^ is introduced. 

In general such a (c)^ is formed when we resolve an inference rule (IlAr-rfl) H: 

(n^-rfl) H 



; ^rim + l 




To 


{c)l, Jo 




pm+1 












Jp 


r' 

p 


(CJ<Tp+l Jp 




pm+1 












7-m+l 


rn„ 


" ('^)o-„" + i •^n™ 




r' 




; ^rim + l 










^rn,^A^ 




^m>m 


■ i^,J-"r^+^K, 




*m,*m 








: C„ 


•■m + l 








r' 


[cY-^ 


+ ^ •/»„ + ! 






-^"m+i 










Tn-l 


(c)?"- 


./n-1 






r;.-i 




where TZ—Jn,..., J„- 


-1 denotes 


a series 


i of rules (cIct!!. 


, J„ with TT = (Ti 



FigA 



(Iljv-rfl) H is resolved into a (c)^ J„ and a (Sa?)'' below J„_i. 

This series TZ is devided into intervals {TZm ~ >Ai„_i+ij • • • , Jn^ : m < 1} 
with an increasing sequence n-i + l = 0<no<"'i<'''<'T-i="~l(^>0) 
of numbers so that 

1 . TZo ~ Jo , . . . , Jrio is a chain €„„ leading to J„q . 

2. For TO < / TZm+i = Jn-m+iT ■ ■ 1 Jrim+i i^ ^ tail of a chain C„^^j = 
J™^^, . . . , J^^^, Jn^+i, ■ ■ ■ , Jn^+i leading to Jn^+i such that the chain 
Cri„+i passes through the left side of an inference rule (Si„ )<^"»».+i Km with 
2 < «m < A^ — 1, Jiim is above the right uppersequent A„i, *,„ and J^^^ is 
above the left uppersequent $,„, -^Am of Xm, resp. Am is a S^^ sentence. 
Each rule J™+^ for p < rim is again an inference rule (c)o-p^j. ii'm will be 



a merging point of chains Cn^^i and a new chain Cp — Jq, . . . , Jn-i, Jn 
leading to {c)p Jn- 

3. There is no such a merging point below Jn-i, vz. there is no (Sfc)'^ with 
1 < A: < iV — 1 such that J„_i is in the right upper part of the inference 
rule and there exists a chain passing through its left side. 

Set iV — 1 e In{p),rgN^i{p) — n and s<Ar_i(p) is the o.d. attached to the 
upper part of (c)^ Jq, where by the upper part we mean the part after resolving 
(n^-rfl) H. 

First consider the case I = 0, i.e., there is no merging point for the new chain 
Cp leading to the new J„. Then set In{p) = {N — 1} and pdN^i{p) — a. 

Suppose ^ > in what follows. Then set pdN-i{p) ~ cTno+ii i-^-, pdN-iip) 
is the superscript of the first uppermost merging point (I]i„)'^"o+i Kq- 

In any cases we have stN-i{p) < stN-i{pdN-i{p)), cf. ([!]). sti{p) always 
corresponds to the upper part of a (c)'"^''^'') in the chain Cp for i g In{p) 

2.2.1 The simplest case A^ = 4 

Here suppose A^ = 4 and we determine the Q part of p. First set 2 S In{p), 
vz. In{p) — {2,3} and pd2{p) — a. It remains to determine the o.d. rg2{p). In 
other words to specify a rule (c)"'' Jq with rgi{p) — aq. 

Note that im = 'i for any m with Q < m < I since 2<Zm<iV — l = 3in 
this case. There are two cases to consider. First suppose there is a p < n such 
that 

1. p> no, i.e., cTp+i -^2 cr„„+i = pd'i[p) and 

2. 2 G /n((Tp+i), i.e., there was a merging point of the chain leading to 

Then pick the minimal q satisfying these two conditions, vz. the uppermost 
rule {c)Zl+i Jq below the first uppermost merging point {Y,i^Y'^o+^ Kq with 2 G 
In((7q-^-l). Then set 

Case 1 rg2{p) = rg2{crq+i). 

Otherwise set 

Case 2 rg2{p) = cr = pd2{p). 

Consider the first case Case 1 rg2{p) = ?'<?2(o'g+i) 7^ pd2{p). From the 
definition we see rg2{p) = rg2{(Tq+i) = pd2[<Jq+i) — (Jq- We have aq — rg2[p) <z 
pdz[p) = UnQ+i- This follows from the minimality of 5, i.e., Vt[no < t < q ^ 
2 ^ In{at+i)] and hence Vt[no < t < q ^ at = pd2{(^t+i) = ^^3(0-4+1)]. 

Furthermore q is minimal, i.e, aq is maximal in the following sense: 

Vt[no < t < n{^pd2{p) = a <2 Ut+i <2 pdz{p)) k,rg2{at+i) i 

-^ rg2{at+i) di2 cfq] (3) 

In general we have the following fact. 



Proposition 2.1 Let C = Jo,..., J„-i be a chain leading to a (c)(t"~^ Jn-i- 
Each Jp is a rule (c)ctp+i with ao — vr. Suppose that 2 £ In(an) and the chain 
passes through the left side of a (E2)'^'' K for a p with < p < n so that Jp-i is 
in the left upper part of K and Jp is below K. Then CTq ~ rg2{(Tn) ^2 f^p, *.e., 



: C 





(c); 


Tp Jp-1 






$, -^A" 


p 




A"^ 


l1 






$,* 










: ^ 










F 


■-Jp 








r«-i ..^ 


,(T„_1 


7 



(S2)"'' ^ 



J^ Tl-1 

This means that when, in Fig A a (Ss)*^' ii'^ (0 < i < n) in the new chain 
Cp = Jo,. ■ ■ , Jn-i, Jn leading to (c)^ J„ is to be resolved into a (^2)'^' K^, then 
t < q, i.e., rg2{p) = <Tq <2 f^t- In other words any (Sa)*^' with q < t < n, 
equivalently (Sa)*^' which is below (c)'^' Jq has to wait to be resolved, until the 
chain Cp will disapper by inversion. 

For example consider, in Fig A, an inference rule (Ss)"^* K^ for t — n.m+i + 
1. Its right cut formula is a Eg* sentence C"'* and a descendent of a E3 
sentence C: a series of sentences from C to C"^* are in the chain Cn^^^ = 
J"+\ . . . , J^\ Jn™+i, • . • , -^n™+i leading to J„„+i . Then the chain Cn^+i 
passes through the left side of the inference rule (Ei^)°'"'"+i K„i and hence K^ 
will not be resolved until Km will be resolved and its right upper part will 
disapper since we always perform rewritings of proof figure on the rightmosot 
branch. But then the chain Cp will disapper by inversion since it passes through 
the right side of K,n- In this way we see Proposition 12.11 cf. Lemma 15.71 in 
Section [S] for a full statemnt and a detailed proof. 

([3]) is seen from Proposition 12.11 and the minimality of q. Thus we have 
shown, cf. the conditions {V'^ A) for Od(n4) in [9] or Section |4j 

'"52 (c^) = rg2{pd2{p)) di2 rg2{p) ^3 pd'iip) 

and 

'it[rg2{pd2{p)) -<2 o-t -<2 CTq => rg2{a-t) <2 o-q]- 

Furthermore we have 

St2{p) < St2[(Tp+i) < a+ (4) 
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for the maximal p, vz. for the latest {c)a- _^-^ Jp with r(72(fp+i) = cr^ & 2 G 
/n(f7p+i). 

Let m < I denote the number such that Um < 9 < ^m+i, i-e., Jq is a member 
of the tail TZm+i = Jn^+i, ■ ■ ■ , Jum+i of the chain Cn^^^ ■ Then from Proposition 
I2.1l we see that Jp is also a member of TZm+i and further that Jq is a member 
of a chain Cp leading to Jp. Thus the upper part of (c)'^' J, corresponding to 
5^2 (p) is a result of perfoming several non-void rewritings to the upper part of 
a (c)'^« which determined si2(fp+i) when (c)a _|_i Jp was introduced originally. 
This yields (g]). 

Thus we have established the conditions {V'^ .1) in [5] or Section S] for the 
newly introduced p. 

Why we choose such a aq as rg2{p)l First introducing cjq = rg2{p) is meant 
to express the fact that cr, is (iterated) Ila-reflecting and it is responsible to Eg' 
sentences occurring above a (c)'^'. Therefore even if there exists a Cp+i above 
pd3{p), i.e., p < uq such that 2 e /n(crp_|_i), we ignore these in determining 
rg2{p). Second in the Case 1 the reason why we chose aq as the uppermost 
one is explained by Proposition 12.11 any (^3)'^' in the new chain Cp will not 
be resolved for q < t < n until the chain Cp will disapper by inversion. Hence 
any aq^ with rg2(o'pi+i) = o'q-^ -<2 Cq for some pi < n will not be rg2{K) for 
K ^2 P in the future. This means that a collapsing series {(c)^ : rg2{K) = (Jq^} 
expressing the fact that cr^j is Ila-reflecting is killed by introducing p such that 
p ^2 fqj -<2 cTq = 7-92 (p). Therefore once we introduce such a p, then we can 
ignore rg2(crpi+i) = Oq-^ between rg2{p) and p. 

2.2.2 The general case A^ > 4 

Here suppose iV > 4 and we determine the Q part of p, i.e., determine the set 
In{p) and o.d.'s pdi{p),rgi[p) for i G In{p) by referring Fig A. 

First set zg S I'^ip) where iq denotes the number such that the first merging 
point is a (SiQ)°'"o+i K^. Now let us assume inductively that for /cq ^ we 
have specified merging points {K„n. : k < feg} so that = ttt-q < • • • < Tifeo, 
TV - 1 > imo > • • ■ > inifco > 2 and VmV/c < /^o["^fe < m < mk+i -^ im > imj, 
and have setted {imk ■ k < ko} C In{p). Namely K^q, ■ ■ ■ iKnik is a series of 
merging points going downwards with decreasing indices im^ and Km^ is the 
uppermost merging point with im^ < imk-i (*m_i := iV - 1). 

If there exists an m < I such that ruko < rnSzimk > im > '2, then let m 
denote the minimal one, vz. the uppermost merging point K^ below the latest 
one Kmt. with im^ > im, and set im G In{p). Otherwise set 

In{p)^{im, :/c</co}U{iV-l}. 

This completes a description of the set 

In{p) = {iV-l-i™_JU{i™, :0<fc</ci} 

Observe that for i < A^ — 1 

i G In{p) <^ 3m < ^z^ = iSz\/p < m{ip > i)]. 
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Now set pdi^ (p) — cTum +1 foi' ^1 ^ k < ki with rrik^^+i '■— /, vz. the 
mergmg point K^^ chosen for im^ G In{p) is a (S^,^ )^ ""fc-i ^''^ for < /c < fci 
and pd2{p) = pdi^ (p) = cTm+i — (Jn — o-- Observe that for any i with 

ki 

2 < i < N — 1 there exists an ■m{i) < I such that pdi{p) = cr„^ +1 and this 
mil) is the minimal m for which im < i- 

It remains to determine the o.d.'s rgi{p) iov N — \ ^ i = i^k G In{p). As in 
the case iV = 4 there are two cases to consider. First suppose there is a p < n 
such that 

1. p <i CTp+i <i CTri^^+i = pdi,^^_^ (p) = pdi+i{p) and 

2. i G In{ap+i). 

Then pick the minimal p satisfying these two conditions, vz. the uppermost rule 
{c)ctp+i Jp below the merging point (Ei)P'''+i('') Kr,i^ with cTp+i ^^ pdi+i{p) k i G 
Jn((Tp+i). Then set 

Case 1 rgi{p) := ag := rgi{ap+i). 

Otherwise set 

Case 2 rgi{p) ^pdi{p). 

In general we have the following fact. 

Proposition 2.2 Let C — Jq, . . . , Jn-i be a chain leading to a {c)aZ^^ Jn-i- 
Each Jp is a rule (0)0-^^.1 with co = tt- Suppose that the chain passes through 
the left side of a (^j)'^'' K for a p with < p < n and a j > i so that Jp-i is 
in the left upper part of K and Jp is below K. Then cr„ -<i Op and if further 
N — 1 ^ i £ /n(f7„), then CTq = rgi{an) ^i CTp, cf. the figure in Provosition \2. 1\ 



Let us expalin this Proposition 12.21 using the new chain Cp — Jq, . . . , Jn-i, Jn 
leading to (c)^ J„, cf. Fig A. When a {^j+iY* K^+'^ (0 < i < n) in the new 
chain Cp is to be resolved, a {^j)'^' K^ is introduced at a point below K^~^^. 
The point and s > i is determined as the lowest position as far as we can 
lower a rule (Sj)*^', cf. Definition 15.51 in Section [S] For example when K^~^^ 
is the rule (Si^)'^"'"+i Km in FigA, let rrii denote the minimal mi such that 
imi < im and we introduce a new (Ei^^_i)'^""i+i (s = nmi+i) between the rules 
{c)ar, Jn^ and (Ei^ )'^"'^i+'^ Kmi- Obscrvc that the ucw (E^^ _i) together 

with (Si^ ) Km2 ("^ < "^2 < "nil) by inversion will be merging points for the 
next chain leading to a {cY . 

Let us consider the case when the (Ei^_i)'^"'"i+i is the rule (Ej)'^p K in the 
Proposition 12.21 j = im — l&p = Umi+i- Also put pdi{p) ~ cr„^, +1, where 
m{i) denotes the minimal m(i) such that im(i) < i- Then i < j = im — 1- 
By Proposition 12.31 below we see that im < ims for any m^ < m, i.e., any 
merging point (E^^ ) Kms above CEi^) K^~^^ — Km has larger index since we 
are assuming that Km is to be resolved. Therefore m{i) > mi, i.e., the merging 
point {"Ei ) ""«(i)+i Km(i) determining pdi{p) is equal to or below the merging 
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point (Si^^^)'^"'"i+i Km^. In the former case we have pdi{p) = (Tn^^i^+i = 
(T„^ +1 = CTp and hence p -<i Up. In the latter case we have im^ > i for 
mi < m^ < m{i). Thus we see p -<i ap inductively. This shows the first half of 
Proposition 12.21 

Now assume N — 1 ^ i Cz In{an) and show rgi{p) <i ap. Consider the 
Case 1, vz. aq — rgi{p) ^ pdi{p). Let po denote the minimal po such that 
P ^i '^po+i ^i pdi+i{p) and i G /n(crpo+i). By the definition we have Oq = 
rgiip) =rg,(crpo+i). 

Let m{i + 1) < m{i) denote the number such that pdi+i{p) = (t„^^ 4.1. 
Then by i G In{p) we have «„i(i+i) = i < «mi, i-e., mi < vi{i + 1) < m{i) and 
hence pdi+i{p) < an^ +1 — ap. On the other we have p ~<i aq — rgi[p) by the 
definition and p -<i ap by the first half of the Proposition 12.21 Hence it suffices 
to show aq < ap since the set {r : p -<i r} is linearly ordered by -<i. Now we 
see aq — rgi{p) — rgi(o'pp_|_i) :<i pdi+i{p) inductively, i.e., by using Proposition 
12.21 for smaller parts. Thus we get aq :<i pdi+i{p) < ap. This shows the second 
half of Proposition 12.21 

Further we have the following fact. 

Proposition 2.3 Let C ~ Jo,..., J^-i ^e a chain leading to a (c)(t""^ Jn-i- 
Each Jfe is a rule (c)^J; with ao = tt. Suppose that the chain C passes through 
the left side of a (Sj)'^^ K^^ for a p with < p < n so that Jp_i is in the left 
upper part of K^^ and Jp is below K^^ . Let T) — Iq, . . . , Im-i {m > p) be a 
chain leading to a (c)(j™~^ Im-i- Each Ik is a rule (c)^'" such that Tk ~ a^ for 
< fc < min{n,TO}. Suppose that the chain T> passes through the left side of a 
{TiiY'^ K'^P for a k with < k < p so that Ik-i is in the left upper part of K'^p 
and Ik is below K^p. Further assume the rule (c)(j Ip-i is in the right upper 
part of (Y^jY" K^"" and i<j. 

Then the upper K^'^p foreruns the lower K^"^" , i.e., analyses of K^p have to 
precede ones of A''"" . 



Let us explain Proposition 12 .31 by referring Fig.A: C is the new chain Cp, AT'™ 
is the new (I]i^j_i)'^"'"i+i which is resulted from (I]i^J'^"™+i K,n with m = I — I, 
i.e., the resolved rule Ki-i is the lowest merging point. Then K'''^ is a (I]i^_i)°' 
with m-i = I. Further V is the chain C„„+i = Jq^^^, ■ ■ ■ , Jn'^^^ '^"m+ii ■ ■ ■ 1 Jn^+i 
leading to the last member {c)a- J„_i (n — 1 = n^^i = ni) of the series TZ. Then 
the last member (c)cr J„_i is in the right upper part of {Y,i^-iY K^"^ . Let I 
be a rule (Si+i)"^ such that the chain V passes through its right side. Suppose 
the rule / in the chain T> is resolved and produces a (S^)'^'' K^p for a k with 
< fc < n so that the chain V passes through the left side of K'^p . 
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<J>,^C"^ 




C"^',-^ 




•J-,-^ 
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p^(-)p-^" 





(S,„_i)-E-'' 



Fig.b 
where -^Am = Cm"^^^ = \/x < ct„^+iCo(x) and C"^""»+i = Co(a) for an a < 

'''"7,1 + 1 • 

: : 2? : 

U,'-^B B,C^',A,Bl , , n,AB[ 



: P : 



(Ei)'"'= ii:"p 



: 2?,C : P 

r„^i,-.c"""-i <x77-i . c"""-sr„^i <x77-i . 

<j) v]/ ^ ^777 i; 

: ^ 

-*- n 

Wc show, in Fig.6, no ancestor of the right cut formula C"' of iiT'™ is in the 
right upper part of K'^p in order to see that K^^ foreruns iiT'™. It sufices to 
see that, in Fig. 5, no ancestor of the right cut formula C^ of K''^ is in the left 
upper part of the resolved rule (Si+i)"^ /. Any ancestor of the right cut formula 
C" of K^"" comes from the left cut formula ^A„ = Crn"'+' of (E,„)'""".+i K^ 
and any ancestor of the latter is in the chain 2?, which in turn passes through 
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the right side of (Ei+i)"^ I. Thus any ancestor of the right cut formula C"^ of 
X'™ is in the right upper part of / in Fig.5, a fortiori, in the left upper part of 
X^P in Fig.6. This shows Proposition [531 

For full statements and proofs of Propositions [5^12. 3[ see Lemmata 15 .71 the 
proviso (uplw) in Definition 15.81 in Section [5] and the case M7.2 in Section [51 

From Propositions 12.21 12.31 we see that the conditions {V'^ .1) for Od{Il]s[) 
in [9] or Section |4] are enjoyed with respect to the Q part of p as for the case 
A^ = 4. A set-theoretic meaning and a wellfoundedness proof of Od{Ilis[) are 
derived from these conditions on o.d.'s as we saw in [5] and [5]. 

Consider a rule (Sj) in the chain Cp for j > i £ In{p) which is below 
(Ei^^j.j)^'*'^''^ ii'm(i) (i„(i) < i). Then from Proposition 12.31 we see that anal- 
yses of such a (Sj) have to follow ones of the rule (Ei^^.^y^^'^f^ Km(^iy Thus 
when such a reversal happens, the lower rule with greater indices (j > im{i)) 
is dead and we can ignore it. The o.d. pdi{p) and the rule {c)pdi{p) Jn^^i^ is 
the predecessor of the o.d. p and the rule {cjp with respect to i: any member 
(c)k of the chain Cp with p < k < pdi{p) is irrelevant to the fact that pdi{p) 
and rgi{p) are iterated Hi-reflecting. But the member may be relevant to IIj- 
reflection for j < i. This motivates the definitions of In{p) and pdi{p). A series 
Kn -<i Kn-i ^i ■ ■ ■ ^i kq cxpcsscs a possiblc stepping down for the fact that kq 
is an iterated n,;-reflecting ordinal. Degrees of iterations are measured by an 
ordinal i/ < k+ with k — rgi[KQ),v = sti^Ko) (and by predecessors of rgi{Ko)) 
as we saw in [5] and [S]. Therefore we seach only for o.d.'s Up+i with p -<i <Jp+i 
in determing the o.d. rgi{p) = rgi[ap+i). 

In the Case 1 the reason why we chose Uq as the uppermost one is explained 
by Propositions 12.21 12.31 as in the case N = A. 



Now details follow. 



3 The theory T^r for Iliv- reflecting ordinals 

In this section a theory Tjv of Iljv-refiecting ordinals is defined. 

Let To denote the base theory defined in [5 . £i denotes the language of 
To. RecaU that £i = £0 U {R-^.R-^ : ^ is a Ao formula in £0 U {X]] with 
£0 — {0, 1,+, — , -,9, r, max,j, ()o, ()i, =, <}. R'^.R'^ are predicate constants 
for inductively defined predicates. The axioms and inference rules in Tq are 
designed for this language £1. 

The language £(Tjv) of the theory T^r is defined to be £1 U {fi} with an 
individual constant J7. 

The axioms of Tjv are the same as for the theory TJj in [5], i.e., are obtained 
from those of T22 in [5] by deleting the axiom F, AdiVl). Thus the axioms F, A/ 
for the closure of Vi under the function / in £0 are included as mathematical 
axiom in T^r. 

The inference rules in Tjv are obtained from Tq by adding the following rules 
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(nAT-rfl) and (H^-rfl). 



(nAT-rfl) 



r 

where A = \fxN3xN-i ■ ■ ■ QxiB{xn,xn-i, . . . , xi, io) is a Hat formula. 

^ f ■ (n^rfl) 

where A = \/x3yB{x, y, t) is a 112 formula. 

Concepts related to proof figures, principal or auxiliary formulae, pure vari- 
able condition, branch, etc. are defined exactly as in Section 2 of [5j. 

4 The system Od{IlN) of ordinal diagrams 

In this section first let us recall briefly the system 0(1(11^) of ordinal diagrams 
(abbreviated by o.d.'s) in [5]. 

Let 0,Lp,rt,+,TT and d be distinct symbols. Each o.d. in Od{Il]\f) is a fi- 
nite sequence of these symbols, (p is the Veblen function, fl denotes the first 
recursively regular ordinal wf^ and tt the first IlAr-reflecting ordinal. 

The set Od(njv) is classified into subsets R, SC, P according to the intended 
meanings of o.d.'s. P denotes the set of additive principal numbers, SC the set 
of strongly critical numbers and R the set of recursively regular ordinals (less 
than or equal to tt) . If tt > a G _R, then (t+ denotes the next recursively regular 
diagram to a. 

Recall that Ka denotes the finite set of o.d.'s defined as follows. 

1. KQ = %. 

2. K{ai H 1- a„) = [j{Kai : 1 < i < n} 

3. KLpaP = Ka U Kfi 

4. Ka — {a} otherwise, i.e., a £ SC. 
Definition 4.1 1. V„{a) C V^. 

(a) V„{a) =0 if aG {0,f7,7r}. 
(h) V„{a) = V„{Ka) lia^SC. 
(c) If a e Vr, 

( P„({r}Uc(a)) if T> cr 

V„{a) = l {a]iJV„{c{a)) if t = cr 

[ V„{t) ifT<a 

2. Ba{a) = max{6(/3) : /3 e 2?<,(a)}. 
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3. Bya{a) = ma.x{Br{a) : t > a}. 

For an o.d. a set 

a^ — min{cr G i? U {00} : a < <t}. 

For (J E R, Va C SC denotes the set of o.d.'s of the form p = df^a with a 
(possibly empty) hst g, where the fohowing condition has to be met: 

B>„{{a,a}\Jq)<a (5) 

a is the body oi d%a. 

If q is not empty, then d^a G 2?'^ by definition. Its Q part Q{d'^a) = q = 
VKTJ denotes a sequence of quadruples lymKmTmjm of length ^ + 1 (0 < ^) such 
that 

1. 2<jo<ji<---<ji=N-l, 

2. Kl = TT, Km (z R \ IT {m, < I) Sza ^ Km {m < 0: 

3. n e Od{llN), 

a — TT ^ vi < a (6) 

and 

m <l ^ Vm < Km (7) 

4. To = (J, Tm e {tt} U V'^ ,a d: Tm{m < I) and 

Tl — TT ^ a — TT (8) 

From q ~ Q{p) define 

1. inj{p) = stj{p)rgj{p) (a pair) and pdj{p): Given j with 2 < j < N, put 
TO = min{TO < I '■ j < jm}- 

2. pdj{p) ^ Tm- 

3. 3m < l{j ^ jm)- Then stj(p) = Vm, rgj{p) = «„. 

4. Otherwise: inj{p) = inj{pdj{p)) ~ inj{Tm)- If inj{T„i) = 0, then set 
sii(p)t,^5^(p)t- 

5. /n(p) = [jm ■■ m < I}. 
Observe that 

TT < /3 <E q ^ Q{p) ^ P ^ i^i = stN-i{p) (9) 

The relation a -<i (3 is the transitive closure of the relation pdi{a) = /3. 

In [9] we impose several conditions on a diagram of the form p — d'^a to be 
in Od(njv). For a G Od(JlN),q C Od(IlN)Sza G R\{n}, p = dla e Od{\iN) 
if the following conditions are fulfilled besides (O; 
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{V'^ .1) Assume i G In{p). Put n = rgi{p). Then 

(P'3.11) ini{rg^{p)) = ini{pdi+i{p)) , rgi{p) <., pdi+i{p) and pdi{p) ^ 
pd,+i{p) iii<N ~l. 
Also pdi{p) <^ rgi{p) for any i. 

(X'^.12) One of the following holds: 

(P«.12.1) rg,{p) ^pd,{p)kBy^{sU{p)) < b{ai) with p ^ ai G I?.. 

(P«.12.3) rg,{pd,{p)) <^nk 

^T{rg,{pd,{p)) :<iT <i K^ rgiir) <i n) k sti{p) < sti{ai) with 

CTi = minjcTi : rg^^ai) = Kkpdi(p) ^^ cti ^^ k} 

and such a cti exists. 

{VQ.2) 

'^K<rg,{p){K,sU{p)<p) (10) 

for i G In(p). 

We set (5(dCTa) = 0, i.e., d^a — d^a. 

The order relation a < /3 on Po- is defined through finite sets Kra for 
T € R,a ^ Od{IlN), and the latter is defined through the relation a < (3, which 
is the transitive closure of the relation a G P^. Thus a ^2 (3 'i^ a ^ (3. 

For p — d%a c{p) = {t, a} U g and 

K„{{T}yjc{p)) = K„{T,a}\Jq, G<T 



The following Proposition 14. 1 1 is shown in [SI. 

Proposition 4.1 1. The finite set {t : a ~<i r} is linearly ordered by ~<i. 
In the following assume k — rgi{p) J,. 

2. p<i rgiip). 

3. p <i a ^i Tkin,{p) = in,{T) ^ ini{p) = ini{a). 

4. p <iT ^i rgi{p) ^ rgi{T) <i rgi{p). 
Definition 4.2 For o.d.'s a^cr with cr G i?, 

lCa{a) := maxi^o-a- 
The following lemmata are seen as in [5]. 
Lemma 4.1 Suppose B^^^^ai) < ai for i = 0, 1, and chq < ai. Then 

T > K ^ drCti G OdiJlN) & drCtQ < drai. 

Lemma 4.2 For a, (3, a G Od(nN) with a G -RJTr assume Vr < 7r[Sr(/3) < 
B-T{a)\, and put 7 — max{S^(^),S>o-({o', a})} + w^. Then S>o-({o', 7,7 + 
Ka{pi)Y) < 7, and hence ^ is fulfilled for d^-j, dcr(7 + ICa-{a)) G Od{IlN). 
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5 The system T^vc 

In this section we extend Tn to a formal system T^c- The universe tt{Tn) of 
the theory T^ is defined to be the o.d. tt e 0(i(njv)- The language is expanded 
so that individual constants Cq for o.d.'s a G 0(i(nAr) | tt are included. Inference 
rules (c)"' are added. To each proof P in T^r^ an o.d. o{P) G 0(i(njv) | ft is 
attached. Chains are defined to be a consecutive sequence of rules (c). Proofs 
in T^vc defined in Definition 15.81 are proof figures enjoying some provisos and 
obtained from given proofs in Tjv by operating rewriting steps. Some lemmata 
for proofs are established. These are needed to verify that rewrited proof figures 
enjoy these provisos. 

The language Cnc of Tjvc is obtained from the language CiTisi) by adding 
individual constants c^ for each o.d. a G Od(JlN) such that l<a<'rih.a^VL. 
We identify the constant c^ with the o.d. a. 

In what follows A, B, . . . denote formulae in Cnc and F, A, . . . sequents in 

The axioms of T^vc are obtained from those of T^v as in j5] . 

Complexity measures deg( A) , rk( A) of formulae A are defined as in [S] by 
replacing the universe 7r(T22) = ^J. by ^{Tpf) — tt. 

Also the sets Aq,I]°' of formulae are defined as in [5]. Recall that for a 
bounded formula A and a multiplicative principal number a < n, we have 
A£ A" ^ deg(A) < a. 



Definition 5.1 



deg{A) + A^ — 1 if A is a bounded formula 



deg M)-=/ <ieg{A)+N-l if A is a t 
°^^ ' 1 deg(A) otherwise 

Note that 

degjv(^) ^{Q: + i:i<A^ — l,Q:<7risa limit o.d.} 

The inference rules of Tjvc are obtained from those of Tat by adding the 
following rules (/i)" (a G{a:7r<a<7r + a;}U {0,17}), (cna)^^, (cl]i)2^, 
(cnjv)^, (cSat^i)^ for each ct G i? C Od(njv)&CT ^ n and (E^" for each 
a eRC Od{nN) & 0- ^ {rj, tt} and i = 1, 2, . . . , iV. The rule (/i)", (cna)^! and 
(cl]i)2j are the same as in [6]. We write (w) for (h)^. 



1. 

T,A'' 

T\A^ 

where 



(cnjv)- 



(a) ^ = VxatBxjv-i • • • QxiB is a IlAr-sentence with a A'^-matrix B, 

(b) T G I?(T with the 6o(iy a = 6(r) of the rule and 
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2. 



(c) the formula A^ in the lowersequent is the principal formula of the 
rule and the formula A"^ in the uppersequent is the auxiliary formula 
of the rule, resp. Each formula in F is a side formula of the rule. 



- (cSat-iJ 



r,A 

where 

(a) A is a nonempty set of unbounded IlTv-sentences with A'^-matrices. 

(b) r G Per with the body a — 5(r) of the rule and 

(c) each formula in F is a side formula of the rule. 
3. 

where 1 < i < iV and A"' is a genuine Sf -sentence, i.e., A'^ e Ef and 

A'^^nuuj:^. 

A'^ [^A"'] is said to be the right [left] cut formula of the rule (S^)'^, resp. 

The rules (cn2)^ and (cUn) are basic rules but not the rules (h)", (cSi)^, 
(cEjv-i)" and (E,)"- 

A preproof in Tatc is a proof in Tjvc in the sense of [5], i.e., a proof tree 
built from axioms and inference rules in Tnc- The underlying tree Tree(P) of 
a preproof P is a tree of finite sequences of natural numbers such that each 
occurrence of a sequent or an inference rule receives a finite sequence. The root 
(empty sequence) ( ) is attached to the cndsequent, and in an inference rule 

a=(=(0,0); Ao ••• a * (0, n) : A„ 
^Tp ('^) « * (0) 

where (r) is the name of the inference rule. Finite sequences are denoted by Ro- 
man letters a,b,c, . . . , I, J, K, . . .. Roman capitals I, J, K, . . . denote exclusively 
inference nodes. We will identify the attached sequence a with the occurrence 
of a sequent or an inference rule. 

Let P be a preproof and 7 < tt + a; an o.d. in Od{IlN)- For each sequent 
a : F (a £ Tree(P)), we assign the height h-),(a; P) < tt + w of the node a with 
the base height 7 in P as in [5] except we replace 7r(T22) = /x by 7r(Tjv) = n 
and replace deg{A) by degjY(^). 

Then the height h(a; P) of a in P is defined to be the height with the base 
height 7 = 0: 

h(a;P):=ho(a;P). 

A pair (P, 7) of a preproof P and an o.d. 7 is said to be height regulated 
if it enjoys the conditions in [5], or equivalently in [B], Definition 5.4. For the 
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rules {TiiY , this requires the condition: If a : F is the lowersequent of a rule 
(Si)"" a * (0) (1 < z < iV) in P, then h^(a; P)<a + i-2[ii = N-l,N. 
Otherwise hj{a; P) < a + i — 1. 

Therefore for the uppersequent a * (0,k) : A of a (Si)"^ we have h^(a * 
{0, k); P) = a + i — I. Note that this implies that there is no nested rules (S^)'^, 
i.e., there is no (Si)'^ below any {'Ei)"' for i > A^ — 1. 

A preproof is height regulated iff (P, 0) is height regulated. 

Let P be a preproof and 7 < tt + w. Assume that (P, 7) is height regulated. 
Then the o.d 0^(0; P) G O(nAr) assigned to each node a in the underlying tree 
Tree(P) of P is defined exactly as in [B]. 

Furthermore for r G Rr\Od(nN), o.d.'s Br^-y{a; P),Bkr,y{a; P) e 0(11^) are 
assigned to each sequent node a such that h^(a; P) < r e P as in ^. Namely 

{TT • o^f{a; P) 
ifh^(a;P)=T = 7r 
max{Z?.K(a; P)), e>.({r} U (a; P))} + c^°-'(-^^) 
if h^(a;P) <7r 

Bkr,j{a;P) := P^,^(a; P) + /C^(a; P) 

Br{a;P) [Bkr{a;P)] denotes Br, {a; P) [Pfc^,o(a; P)], resp. 

Then propositions and lemmata (Rank Lemma 7.3, Inversion Lemma 7.9, 
etc.) in Section 9 of [5] and Replacement Lemma 5.15 in [5] hold also for T^vc- 

Lemma [4.21 yields Oj{a;P) G Od(II]y) for each node a G Tree(P) if (P, 7) is 
height regulated and 7 < tt + cj. 

Definition 5.2 Let 7" be a branch in a preproof P and J a rule (S^)'^. 

J. Left branch: 7" is a /e/^ branch of J if 

('aj 7" starts with a lowermost sequent F such that ft.(F) > tt, 

(b) each sequent in T contains an ancestor of the left cut formula of J 
and 

(c) T ends with the left uppersequent of J . 

2. Right branch: T is a right branch of J if 

(a) T starts with a lowermost sequent F such that F is a lowersequent 
of a basic rule whose principal formula is an ancestor of the right cut 
formula of J and 

(b) T ends with the right uppersequent of J . 

Chains in a preproof are defined as in Definition 6.1 of [5] when we replace 
((cn3),(S3)), ((cS2),(S2)) by ((cHjv), (Sat)), ((cS^-i), (E^_i)). For defini- 
tions related to chains such as starting with, top, branch of a chain, passing 
through, see Definition 6.1 of [6 . Also rope sequence of a rule, the end of a rope 
sequence and the bar of a rule arc defined as in Definition 6.2 of [6]. Moreover 
a chain analysis for a preproof together with the bottom of a rule is defined as 
in Definition 6.3 of 6 . 
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Definition 5.3 Q part of a chain and the i-origin. 

1. Let C = J{), J'q, . . . ^ Jn, J'n be a chain starting with a {c)„ J„. Put 

(a) In{C) := In{J,,) := In{(j). 

(h) ini{C) := ini{Jn) := ini{(j) for 2 < i < N . 

(c) sti{C) := sti{Jn) := sii(cr), rgi{C) := rgi(Jn) := rgi{<T) 
where stj(C) t ^rg,{C) t if ^^^(ct) t ^rg,{a) t- 

(^dj Jfc is the i-origin of the chain C or the rule J„ if Jk is a rule (c)** 
with K = rgi(a) |. 

(^ej Jfc is the i-predecessor of J„, denoted by Jk — pdi{Jn) or 

i-predecessor of the chain C, denoted by Jk — pdi{C) if Jk is a rule 
(c)p with p ^ pdi{a). 

Definition 5.4 Knot and rope. 

Assume that a chain analysis for a preproof P is given and by a chain we mean 

a chain in the chain analysis. 

1. i-knot: Let ii' be a rule {^iY (1 < * < ^^2). We say that K is an i-knot 
if there are an uppermost rule {cY Jiw below K and a chain C such that 
Jiyj is a member of C and C passes through the left side of K . 

The rule Jiw is said to be the lower rule of the i-knot K . The member 
(c)cr Jui of the chain C is the upper left rule of X and a rule (c)cr J«r which 
is above the right uppersequent of K is an upper right rule of K if such a 
rule (c)ct Jur exists. 



: C : 

^A" A'', A 
~^\A 



(s,ri^ 



— uppermost {c)" Ji^ £ C 



^. A rule is a knot if it is an i-knot for some i > 1 . 

Remark. Note that a 1-knot (Si) is not a knot by definition. 

3. Let ii' be a knot, Ji^ the lower rule of K and J^r an upper right rule of 
K. Then we say that K is a knot of J^r and Jiw 

4-. Let C„ = Jo, . . . , Jn be a chain starting with J„ and K a knot, ii' is a 
knot for the chain C„ or the rule Jn if 

(a) the lower rule Jiw of i^ is a member Jk {k < n) of C„, 

(b) Cn passes through the right side of K, and 
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(c) for any k < n the chain Ck starting with Jk does not pass through 
the right side of K. 

The knot X is a merging rule of the chain C„ and the chain Ck starting 
with the lower rule Ji^i = Jk- 



r, ^A" A''', A 

f:A 



{^^rK 



— - uppermost (c)°' J^u = Jk £ C„ 
^k 



A' " 

n 

5. A series TZjg = Jo, ... , Jn-i {n > 1) of rules (c) is said to be the rope 
starting with Jq if there is an increasing sequence of numbers (uniquely 
determined) 

< no < ni < • • • < n, == n - 1 (/ > 0) (11) 

for which the following hold: 

(a) each J„^ is the bottom of Jn„_i+i for to < Z (n_i = —1), 

(b) there is an uppermost knot Km such that Jn,„ is an upper right rule 
and Jn^+i is the lower rule of Km for m < I, and 

(c) there is no knot whose upper right rule is J„j — Jn-i- 

We say that the rule J„-i is the edge of the rope TZj^ or the edge of the 

rule Jq. 

For a rope the increasing sequence of numbers ()lip is called the knotting 

numbers of the rope. 

Remark. These knots Km are uniquely determined for a proof defined 

below. 

6. Let K^i be an z_i-knot (i_i > 1) and Jq the lower rule of K-i. The left 
rope K-iTi- of K^i is inductively defined as follows: 

(a) Pick the lowermost rule (c) J„o such that the chain C starting with 
J„o passes through the left side of the j_i-knot K-i and Jq is a 
member of C. Let qT^ = Iq, ■ ■ ■ , Iq be the part of the chain C with 
Jq ^ IqSz Jno ~ Iq ■ 

(b) If there exists an uppermost knot Kq such that Jno is an upper right 
rule of Kq, then k^iT^ is defined to be a concatenation : 

where Ko^^ denotes the left rope of Kq. 
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(c) Otherwise. Set: 

Therefore for the left rope k^iT^ = Jo, ■ ■ ■ , Jn-i of K-i there exists a 
uniquely determined increasing sequence of numbers (jlip such that: 

(a) each J„^^ is the lowermost rule (c) such that the chain C starting 
with J„^ passes through the left side of the i„i_i-knot Km-i and 
^n,„_i+i is a member of C (ti-i = —1) for m < I, 

(b) there is an i„i-knot Km {im > 1) such that J„^ is an upper right rule 
and Jurrt+i is the lower rule of Km for m < I, and 

(c) there is no knot whose upper right rule is J„; — Jn-i- ( ^-i is the 
z_i-knot whose lower rule is Jo.) 

These numbers (jlip is called the knotting numbers of the left rope and 
each knot Km (m < I) a, knot for the left rope. 

By the left rope j^TZ of the lower rule Jq of K^i we mean the left rope 
K_,no{K^i. 

When a rule (Ei+i)'^ K {0 < i < N) is resolved, we introduce a new rule 
(Ei)'^"™<'+i)'*'^ at a sequent $, which is defined to be the resolvent of K and a 
'^»m(i+i)+i — '^ defined as follows. 

Definition 5.5 Resolvent 

Let K he a, rule (Si+i)'^ (0 < z < A^). The resolvent of the rule K is a sequent 
a : <I> defined as follows: let K' denote the lowermost rule (Si+i)"" below or 
equal to K and b : ^ the lowersequent of K' . 

Case 1 The case when there exists an (i + l)-knot (Ei+i)"' which is between an 
uppersequent of K and b : ^P: Pick the uppermost such knot (Sj+i)'^ K^i 
and let K-iTI = Jo, ■ ■ ■ , Jn-i denote the left rope of K-i. Each Jp is a 
rule {c)al+i. Let 

<no <ni < ■■■ <ni^n-l{l>0) ([IT]) 

be the knotting numbers of the left rope K^iTi- and Km an i^-knot 
(Ei^)'^'""+i of Jn„, and J„,„+i for m <l. Put 

m(i + 1) = max{m : < m < lk\/p^ [{),m)(i + l < ip)} (12) 

Then the resolvent a : $ is defined to be the uppermost sequent a : $ 
below Jn^,^^-^^ such that h{a: P) < cr„^^^|.^ 4,1 +i. 

Case 2 Otherwise: Then the resolvent a<i> is defined to be the sequent 6 : ^. 

Definition 5.6 Let J and J' be rules in a preproof such that both J and J' 
are one of rules (S^) (1 < i < A^ — 1) and J is above the right uppersequent of 
J' . We say that J foreruns J' if any right branch 7" of J' is Ze/t to J, i.e., there 
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exists a merging rule K such that T passes through the left side of K and the 
right uppersequent of K is equal to or below the right uppersequent of J. 
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If J foreruns J', then resolving steps of J precede ones of J'. In other words 
we have to resolve J in advance in order to resolve J' . 

Definition 5.7 Let TZ = Jq, . . . , J„_i denote a series of rules (c). Each Jp is a 
rule (c)o-p+i Assume that Jq is above a rule (S^)"' / and a = Op for some p with 
< p < n. Then we say that the series TZ reaches to the rule /. 

In a proo/ defined in the next definition, if a series TZ — Jq, . . . , J„_i reaches 
to the rule (Si)°^ /, then either 7^ passes through / in case p < n, or the subscript 
cr„ of the last rule {cja'^'^ Jn-i is equal to a, i.e., J„_i is a lowermost rule (c) 
above /. 

Definition 5.8 Proof 

Let P be a preproof. Assume a chain analysis for P is given. The preproof 
P together with the chain analysis is said to be a proof in T^vc if it satis- 
fies the following conditions besides the conditions (pure), (h-reg), (c:side), 
(c:bound), (next), (h:bound), (ch:pass) (a chain passes through only rules 
(c), (h), (Ei) (i < N)), (ch:left), which are the same as in 0: 

(st:bound) Let C be a chain, i e In{C) and a : F be the uppersequent of the 
i-origin of the chain C. 

(st:boundl) Let « = iV - 1. Then 

o{a;P)<stN-i{C). 

(st:bound2) Let i < N — 1 and k = rgiiC). Then for an a 

sti{C) — d^+a 

and 

B^{a;P) <a. 

(chrlink) Linking chains: Let C = Jq, Jq, ■ . ■ ,Jn,Jn and V = Iq,I'q, . . . ,Im,I'm 
be chains such that Jj is a rule (c)^^^^ and li a rule (c)^^^^ . Assume that 
branchs of these chains intersect. Then one of the following three types 
must occur (Cf. [6| for Typel (segment) and Type2 (jump)): 
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Typel (segment) : One is a part of the other, i.e., 

n <m^ Ji — li 
or vice versa. 

Assume that there exists a merging rule K such that C passes through the 
left side of K and V the right side of K . Then by (ch:left) the merging 
rule X is a (S/)"^^ for some j < n and some / with 1 < I < N — 2. 

Type2 (jump) : The case when there is an i < jti so that 

1. J'j^i is above K and Jj is below K , 

2. li is above K , 

3. I- is below J^ and 

Type3 (merge) : The case when tj = a-j. Then it must be the case: 

1. 1>1, 

2. Ij_i and Jj_^ are rules {Y^n-iV^ above K, and 

3. n < mk. Jj+k = Ij+k & J'j+k = -^'j+k ^'^^ ^^y ^ with 
j < j + k < n. 

That is to say, C and V share the part from Jj = Ij to Jn = In , the 
right chain V has to be longer n < m than the left chain C and the 
merging rule K is not a rule (Si). 

If Type2 (jump) or Type3 (merge) occurs for chains C and V, then 
we say that 2? foreruns C, since the resolving of the chain V precedes the 
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resolving of the chain C . 

i-r;^-^ (^^-^ '^-^ — n:A — ^^^-^) ' '-^ 

: C ': V 

^^^^^ ^ ^^ (^0-i^ 

p. 

— (ci;Ar_i)r' + i Jj = (cE7V-i)<t' + i Ij 
3 



^ n 

^ -r (2.Ar_i) "+i J„ = (Lw-i) "+i 7„ 

r„, + Types 

(chrQpt) Let C = Jq, . . . , Jn be a chain with a (0)0-^^1 Jp {p < n) and put p = 
CT„+i. Then by (ch:link) there exists a uniquely detremined increasing 
sequence of numbers 

< no < ni < • • • < n; = n - 1 (/ > 0) (flTI) 

such that for each m < I there exists an im-knot {l^i^)°'"^+^ Km (2 < 
im < N — 2) for the chain C. (The im-knot i^T^ is the merging rule of the 
chain C and the chain starting with the rule Jn^+i, cf. Type3 (merge).) 
These numbers are called the knotting numbers of the chain C. 

Then pdi{p),In{p),rgi{p) have to be determined as follows: 

1. For 2 < i < N, 

pdi{p) = cr„^(^j+i 

with 

m(i) — max{TO : < m < I &^:\fp (£ [0,m){i < ip)} (13) 

that is to say, 

■Jn^ii) =pdi{J„). 

2. For 2<i< N -I 

i e In{C) = In{p) ^ 3p e[0,m{i)){ip ^ i) 

<^ 3p e[0,l){ip = i&^yq <p{iq > i)) 

<^ m(i) > m{i + 1) = min{?77, < I : im = i} 



27 



And by the definition N -1 e In{C) = In{p). 
3. For i e In{C)ki ^ N -1, 

(a) The case when there exists a q such that 

^P[n,n{i) >P>q> n,n(i+i) ^ p ^i CTp+i &cr, = rg.i{crp+i)] (14) 
Then 

rgi{p) =CTq 

where q denotes the minimal q satisfying (ITil) . 

(b) Otherwise. 

rgiip) ^pdi{p) = cr„,„,,)+i 

(Ibranch) Any left branch of a (S^) is the rightmost one in the left upper part 
of the (S,). 

(forerun) Let j'*" be a rule {'S.jY . Let TZj^ — Jq, . . . , Jn~i denote the rope 
starting with a (c) Jq. Assume that Jq is above the right uppersequent of 
j'™ and the series TZj^ reaches to the rule j'™. Then there is no merging 
rule K , cf. the figure below, such that 

1. the chain Cq starting with Jq passes through the right side of K , and 

2. a right branch T of j'™ passes through the left side of K. 



r ■ Co 



r,A 



K 



J- 

(uplw) Let J''" be a rule (Sj)'' and J"p an i-knot (Si)'"" (1 < i,j < N). 
Let Jo denote the lower rule of J"p. Assume that the left rope jupTZ = 
Jo, ... , J„-i of J"^ reaches to the rule j'™. Then 
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(uplwl) if J"P is above the left uppersequent of J'™, then j < i < N. 

\ Co ; 

^ 

: J.p7^ : 

where Cq denotes the chain starting with Jq, and 

(uplwr) if J"P is above the right uppersequent of j'™ and i < j < N, then 
the rule (S^)'^" J"p foreruns the rule (S]j)'^j'"', c/. Proposition [Ql in 
Subsection 12.21 

In other words if there exists a right branch T of j'™ as shown in the 
following figure, then j < i. 



■Co \r 

Y.^B B,A 

r,A ^ 



i],)'^« j"p 



^if 



; i r 

n,A 

: : jupTZ 

- — ^ — -{^,rj^- 

Decipherment. These provisos for a preproof to be a proof are obtained by 
inspection to rewrited proof figures. We decipher only additional provisos from 
0. 

(ch:link) Now a new type of linking chains, Type3 (merge) enters, cf. Sub- 
section 12.11 



For a chain 2? ~ Iq, Iq, . . . , 1^, 1!^ ^^.d a member /„ (n < m) of V let 
C = Jo, Jq, . . . , J„, J^ denote the chain starting with J„ — In- Then there 
are two possibilities: 

Typel (segment) C is a part /q, . . . , /„ of 2? and hence the tops Iq and 
Jo are identical. 
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TypeS (merge) The branch of C is left to the branch of D. 

(st:bound), (ch:Qpt) By these provisos we see that an o.d. p is in Od{IlN) 
for a newly introduced rule {c)p, cf. Propositions 12.21 12.31 in Subsection 
12. 2[ Lemma [5781 below and the case M5.2 in the next Section [6l 



(uplwl) By the proviso we see that a prcproof P' which is resulted from a proof 
P is again a proof with respect to the proviso (ch:Qpt), cf. Lemma r5.7l2l 

(uplwr), (forerun), (Ibranch) By these provisos we see that a preproof P' 
which is resulted from a proof P by resolving a rule (Ej+i) is again a proof 
with respect to the provisos (forerun) and (uplw), cf. Proposition 12.31 
in Subsection 12.21 the case M7.2 in the next Sectional Lemma [5.51 and 
Lemma [ 



In the following any sequent and any rule are in a fixed proof. 

As in the previous paper [B] we have the following lemmata. Lemma 15.11 
follows from the provisos (h-reg) and (ch:link) in Definition 15.81 , Lemma [521 
from (h-reg) and (c:boundl) and Lemma [531 from (h-reg). 

Lemma 5.1 Let J be a rule {c)a and J' the trace (SAr_i)'^ of J. Let Ji be a 
rule {c)" below J' . If there exists a chain C to which both J and Ji belong, then 
Ji is the uppermost rule (c)°' below J and there is no rule (c) between J' and 
Ji- 

Lemma 5.2 Let Jtop be a rule (c)'^. Let $ denote the bar of Jtop- Assume that 
the branch T from Jtop to $ is the rightmost one in the upper part of^. Then 
no chain passes through $. 

Lemma 5.3 Let J be a rule (c) and b : $ the bar of the rule J. Then there is no 
(cut) I with b G I d J nor a right uppersequent of a (Sat) / with 6 C / * (1) C J 
between J and 6 : <&. 

The following lemma is used to show that a preproof P' which results from a 
proof P by resolving a rule (Sj) J'™ is again a proof with respect to the proviso 
(uplwl), cf. the Claim IBTBl in the case M7 in the next subsection. 

Lemma 5.4 Let j'™ be a rule (Sj). Assume that there exists a right branch X 
of j'*" such that T is the rightmost one in the upper part of j'™ . Then there is 
no i-knot (Si) J"^ above the right uppersequent of J such that i < j and the 
left rope j^pTZ of J"p and J^'p reaches to j'"'. 

Proof. Suppose such a rule J^p exists. By (uplwr) the rule J"p foreruns j'"". 
Thus the branch 7" would not be the rightmost one. 
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n 

The following lemma is used to show that a preproof P' which results from 
a proof P by resolving a (Si+i) is a proof with respect to the proviso (uplwr), 
and to show a newly introduced rule (E^) in such a P' does not split any chain, 
cf. the Claim 1521 in the case M7. 



Lemma 5.5 Let J he a rule (Si+i)"^" (0 < z < N) and b : $ the resolvent of J. 
Assume that the branch T from J to h is the rightmost one in the upper part of 
b. Then every chain passing through b passes through the right side of J . 

Proof. Let a* (0) denote the lowermost rule (Ei+i)'^^ below or equal to J, and 
a : ^ the lowersequent of a * (0). The sequent a : ^ is the uppermost sequent 
below J such that h{a; P) < ao + i hy (h-reg). 

Case 2. b ^ a: If a chain passes through a and a left side of a (Si+i)*^" K^i 
with a C K^i C J, then the chain would produce an (i + l)-knot K^i. 
Case 1. Otherwise: Then there exists an (i + l)-knot (Ei+i)'^" with a C K^i C 
J. Let (Sj+i)'^ K-i denote the uppermost such knot and X-iTi- = Jq, ■ • ■ , Jn-i 
the left rope of K^i. Each Jp is a rule (c)crp+i. Let 

< no < ni < • • ■ < rii =: n - 1 (? > 0) ([TT]) 

be the knotting numbers of the left rope K-iTi- and Km an z^-knot (Ei^)'^"™+i 
of Jrim ^nd J„^_|_i for m < I. Put 

m{i + 1) = max{m : < m < I kVp e [0,m){i + l < ip)} p^ 

Then the resolvent 6 : $ is the uppermost sequent b : $ below Jnm(i+i) such 
that 

h{b;P) <CT„^(,^^)+i+i 

Put 

rn = ?7i(+l), (T = cr„^^ + i. 

Assume that there is a chain C passing through b. As in Case 2 it suffices to 
show that the chain C passes through the right side of K^ i . Assume that this 
is not the case. Let (c)^, K denote the lowermost member of C which is above 



Claim 5.1 K is on the branch T. 



Proof of the Claim lSTl Assume that this is not the case. Then we see that there 
exists a merging rule (Ej)'' / and a member (c)'' K' of C such that the chain C 
passes through the left side of /. K' C b C I and hence h{K'; P) ^ p' < cr. We 
see p' = a from (h-reg). 

Suppose m = I. Then by the definition of the left rope k^iT^-, the rule 
(Ej)''' J is not a knot, i.e., j = 1. But then h{I * (1);F) = h{K';P) = a, 
and hence I C b. A contradiction. Therefore m < I and im < *• This means 
Km * (1) C 6 c /. On the other hand we have 1 < « < j by 6 C /, and by Lemma 
\b.l\ K' is the uppermost rule (c)'^ below (Ej)°'/. Therefore (Ej)'' / would be a 
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knot below Jn^ . On the other side Km is the uppermost knot below J„^ . This 
is a contradiction. 
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Then as in the proof of Lemma 7.13 of [5] we see that K = J„„, , i.e., (c)^, K 
and (c)ct"'" Jjirrt coincide. Consider the chain Cm starting with (c)ct"™ Jn„^- 
Then by (ch:link) either Cm is a segment of C by Typel (segment), or C 
foreruns Cm by Type3(merge). Since {c)a-""^ Jn^ is the lowest one such that 
Cm passes through the left side of Km-i and Jre,„_i+i is a member of Cm, 
Typel (segment) does not occur. In Type3(merge) Km-i has to be the 
merging rule of Cm and C since, again, {c)^"^^ Jn„ is the lowest one, and the 
branch T is the rightmost one. Therefore C passes through the right side of 
Km-i- If m = 0, then we are done. Otherwise we see the chain C and the chain 
Cm-i starting with (c)o-"'""^ Jn^-i has to share the rule (c)cr"'"~^ Jum-i- As 
above we see that C passes through the right side of Km-2: and so forth. D 



Lemma 5.6 Let C = Jo, . . . , Jn he a chain with rules (c)^^^^ Jp for p < n, 
and [TijYp K [p < n) a rule such that C passes through the right side of K 
and the chain Cp stating with Jp passes through the left side of K. Further let 
TZ — kTI — Jp, ■ ■ . , Jq~i (q < n) denote the left rope of the j-knot K . Then the 
chain Cq starting with Jq is a part of the chain C — Cn, Cq ^ C. Therefore any 
knot for the chain C is below Jq and q < n, and in particular, if K is a knot for 
the chain C, then b — n, cf Definition \5 .4\3i 

Proof. Suppose q < n. By the Definiton 15.4161 there is no knot of Jq^i and 
Jq. Let Iq denote a knot such that the chain Cq-i starting with Jq-i passes 
through the left side oi Iq. c C b. From the definition of a left rope we see that 
the chain Cq starting with Jq does not pass through the left side of the knot Iq. 
Therefore by (ch:link) Typel (segment) the chain Cq must be a part of the 
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chain C, Cq C C, i.e., the top of the chain Cq is the top Jo of C. 



*P,*P '"^ 



r 



(s.r-i^ 



: C,_i : 7^ 



: 7^ 



^, 



(c)^, Jq-1 



rVi 

: c, 

Q 

: C 

^ n 

D 

The following Lemma 15.71 is a preparation for Lemma 15.81 From the Lemma 
I5.8l we see that an o.d. p is in Odllii^j) for a newly introduced rule {c)p, cf. the 
case M5.2 in the next subsection. 

In the following Lemma 15.71 J denotes a rule {c)p and C = Jo, . . . ,Jn the 
chain starting with J„ = J. Each Jp is a rule (c)^^^^ for p < n with (Tri+i = p. 

K denotes a rule (Ej)'^" (j < iV — 2, < a < n) such that the chain C passes 
through K. If C passes through the left side of K, then j < N — 2 holds by 
(ch:left). 

Ja~i denotes the lowermost member (c)^^ of C above K, K d Ja-i- 

Let 

< no < 771 < • • • < n/ = n - 1 (/ > 0) d]) 

be the knotting numbers of the chain C, cf. (ch:Qpt), and Km an im-knot 
(S]j^)'^"m+i of Jn^ and Jn,„+i for m < I. Let 7ti(i) denote the number 



m{i) — max{r7i : < tti < ^ & Vp G [0, m){i < ip)} ([13 

Lemma 5.7 (cf. Proposition \2.S\ in Subsection \2.2[ ) 
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1. Letm<m{i). Then 

2. Assume that C passes through the left side of the rule K , i.e., X * (0) C 
Ja-i. Then Ja-i is the upper left rule of K. Let i < j. 

(a) p <i aa, 
and hence 

(b) the i-predecessor of .J is equal to or below Ja-i, and 

(c) if Kp is an ip-knot (E^ ) for the chain C above K, then j < ip. 



: : C 

-^ ^^^ (Sj )'""p+i Kp 

P' P 



Ta-l 

— (c)<,„ Ja-1 

J- a-1 

: C : 



{^,r^K 



3. Let Jb-i be a member of C .such that p ^i ai, for an i with 2 < i < N — 2. 
Let Cb-i denote the chain starting with Jh-i- Assume that the chain Cb-i 
intersects C o/ TypeS (merge) in (ch:link) and {Tij)K is the merging 
rule of Cb^i and C. 

Then i < j. 



i^,)K 
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: Cb- 

^A 
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Tb 
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-1 

-1 
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i^U 



r„ & cr„+i -<i CTf, => ? < J 
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4- Assume that C passes through the left side of the rule K , i.e., K * {fS) <Z 
Ja-i- Let i < j. 

Assume that the i-origin Jq of C is not below K, i.e., Uq = rgi{p) |^ q < 
a. Then 

Wb e {a,n + l]{p :<i (Tb -<i CTa ^ i ^ In{(7b)} 

and hence 

\/b e {a,n + l]{p :<i at -<i Oa -^ in^i-J) = mj(J(,_i) = ini{Ja-i) , i.e., 
ini{p) ^ iTii{(Tb) = ini{aa)} 



In particular by Lemma \5.7}2\ we have 

p -<i aakini{J) = ini{Ja-i) , i.e., ini{p) = ini{aa). 

5. Assume that C passes through the left side of the rule K. Let Jh-i be 
a member of C such that Jb-i is below K, i.e., a < b, and assume that 
Cra+i ^i cr :— at for an i < j . If aq = rgi{a) |^ q < a, then 

Vd G (a, b]{a dii cFd <i (^a ^ i ^ In{ad)} 
and 

a -<i (Ta. 

Hence 

Vd e {a,b]{a <i aj. '<t era ~^ ini{crd) = in,{aa)} &zini{a) = ini{aa). 
The following figure depicts the case aq — rgiia) \,: 

: C 



^ q 




: C 




$,^A 


A * 


$,* 


\^]) ^ 


^b-i 


T Jb-1 


: C 




J- n / \ 


i+l •Jn 



6. Assume that the chain C passes through the left side of the rule K . For 
an i < j assume that there exists a q such that 

3p[n >p>q>akp<i ap+ikaq = rgi{ap+i)]. 

Pick the minimal such qo and put k, — CTq^^ . Then 
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(a) \fd G (a, go]{o-go ^i ^d -<i (Ta -^ i ^ In{ad)} and ini{Ja-i) = 
ini{Jqo-i), i-e., ini{aa) = ini{K) and n :<i aa- 

(b) Vi[p ^i at <i n^ rgi{at) ^i «]. 

7. Assume that C passes through the left side of the rule K . Let Jb~i he a 
member of C such that Jb-i is below K, i.e., a < b and p ^i a :— Cfc for 
an i < j . Suppose rgi{a) J, and put Uq = rgi{a). If the member (c)'^' Jq is 
below K , i.e., a < q, then for sti{a) ~ d^+a, cf (st:bound), 

B.,(c;P)<a 

for the uppersequent c :Tq of the rule Jq . 

Proof. First we show Lemmata lS. 7111 and l5.7l2l simultaneouslv by induction on 
the number of sequents between K and J. 

Proof of Lemma rS.TIll 

By the definition of the number m{i) we have i < im-i- Since the chain C„^ 
starting with J„^ passes through the left side of the im_i-knot Km~i, we have 
the assertion crn„+i ^i crn^_-^+i by IH on Lemma [5.7121 



■ r 



1-1 "^"n 



*m-l,* 


m-l 


r' 


(c)< 


This shows Lemma 15.7111 




Proof of Lemma 15.7121 
By (ch:Qpt) we have 





(s.,„_,; 



^m-l 



u 



pdiif) = o-„^(^,+i and J„^(,) = pdi{J). 

Claim 5.2 a < n,„(j) + 1, i.e., J„^,.,+i C K. 

Proof of Claiminm If m{i) = I, then a < n = ni + 1. Assume 

m{i) < I y^ OSza > n,„(j) + 1. 

Then the i„/j)-knot (S^^,^, ) ""'''^^ ^rn(i) is above the left uppersequent of 
K, K * (0) C i^m(j); E^nd j > i > im{i)- Consider the left rope k„^u-,T^ = 
J„^,.,-i_i, . . . , Jb-i of the knot K^(^i^ for the chain C. Then by Lemma 15.61 we 
have b = n. Therefore K^u^Ti. reaches to the rule K. Thus by (uplwl) we have 
* < j < *m(i)- This is a contradiction. D 
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By the Claim \S?I\ we have Lemma 15 .71251 

Case 1 a = n„i{i) + 1: This m.cans that the i-predecessor Jn^,i-, of J is the rule 

Ja-i, and pdi{p) = aa- 

Case 2 a < n^i^i-f + 1: This means that Jn^^^ C K. Put 

TTT-i = minj™ < m{i) : a < Um + 1} (15) 

Then J„^ is the uppermost rule J„^ below K. The chain C„,„ starting with 
J„^ passes through the left side of the knot (Si,„ _^)'^"»"i-i+i K„i-^^i. If iC C 
Kmi-i, then C„^ passes through the left side of K. 



■ c 



(s.r-if 



"""1 ('^^ 7 

And by the minimality of TOi, if K^i-i C -ftT, then Ja-i = Jn„ _i, i.e., a 

nmi-l + 1- 



—, 'Ja-1 - 'Jrir^-^-i 

: C ': 

; "mi ; 



(£,)-<- if 



<Pmi-l, ^I'mi-l 

; "mi 

"'"1 ff^l / 

By Lemma 15.7111 we have pdi{p) = (T„^,.,+i Hj (t„^^ _^i. Once again by IH 
we have cr^^ +i ^^ a a- Thus we have shown Lemma r5.7l2a[ p ^i (Ja- n 

Proof of Lemma r5.7l2cl j < ip: This is seen from (uplwl) as in the proof of 
the Claim [521 since in this case we have / ^ 0. 

A proof of Lemma [5. 7121 is completed. □ 

Proof of Lemma [5. 7131 

The chain Ct-i passes through the left side of K and C the right side of K. 
By (ch:Qpt) we have 

pdi{an+i) = CTn^^j^j+i and J„„^(,) =pdi{Jn). 
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If ii' is a Km for an TO < Z, then the assertion i < j ^ im follows from P^ since 
6 — 1 < n^d) by an+i -<i (Jb, and hence m < m(i). 

Otherwise let m < m{i) denote the number such that rim > 6 — 1 > rim-i, 
i.e., Jh-i is between Km-i and Jum- Then K is below Km^i and the rule K is 
the merging rule of C^-i and the chain C„,„ starting with J„„j, i.e., C„,„ passes 
through the right side of K. 
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By IH it suffices to show that Unm+i ^i ""6 and this follows from 

Cn+l -<i cr„^^ + i (16) 

since the set {t : cr„+i ^^ r} is linearly ordered by ^i. Proposition 14.1111 Now 
pB]) follows from p^ and Lemma r5.7l2al i.e. 



Cji+l <i pdi{(Tn+l) — cr„^j.j+i ^i • • • -<i Cr„^^_j_|_l ^i (7„^+l. 

This shows Lemma [5.7131 □ 

Proof of Lemma |5 . 7141 by induction on the number of sequents between K and 
J. 

By the Claim \5l2\ we have a < nm{i) + 1. 
Case 1 a = nm{i) + 1: This means that the i-predecessor Jn„^u^ of J is the rule 
Ja-i and pdi{p) — Oa- By Lemma r5.7l2cl we have ip > j > i for any p < m{i). 
On the other side by (ch:Qpt) 

i e /n(C) = In{p) ^3pe [0, TO(i))(ip = «) (17) 

Hence i ^ In{p). Thus ini{ija) — ini{pdi{p)) — ini{p). 

Case 2 a < fimU) + 1: This means that Jn^n^ is below iiT. Let mi denote the 
number ([15]) defined in the proof of Lemma 15.7121 
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Claim 5.3 For each m G {mi,m{i)] the i-origin of Jn^ is not below K„i-i, 
i < im^i, i ^ In{p), an„,+i <i o-n„_i+i and V& S (n„i_i + 1, n„ + l]{cr„^+i <i 
CTb <i CT„,„_i+i -> i ^ /n(o-b)} and 

Vfe e (nrn-l + l,"m + l]{cr„„ + l ^j o-fe ^i cr„„^_i + l ^ « ^ i"»^(o-b)} 

Vfe e (nrn-1 + l,"-m + l]{o-n„ + l ^j (^b <i O^n^-i + l "> 

ini{Jn^) = ini{,h-i) = ini{Jn„,^i) , i-e., 

ini{anrr,+i) = ini{<Tb) = «"-j(o-„,„_i+i)} (18) 

Proof of the Claim [S751 First we show i < im-i- By Lemma [5.7111 we have 
* £ *m-i- Assume i — im-i for some ?7i e (?7ii,r?T,(i)]. Pick the minimal such 
7Ti2- Then by (ch:Qpt), p7)) we have i 6 In{p) and hence rgi{p) J,. By Lemma 
I5.7l2cl we have 

p < mi ^ ip > j > i (19) 

Here p < ttii means that Xp is above K. Thus by (ch:Qpt) 

?7i(i + 1) = max{77i : < JTi < /&Vp e [0, 77i)(i + 1 < «p)} = rn2 — 1 > ttii, 
i.e., 

•^"^2-1 ^pdi+i{J)^(^n,„^^i+i ^pdi+i{p)knm2-i >nrm > a. 
On the other hand by (ch:Qpt) we have for the z-origin Jq of C, i.e., aq — rgi{p), 

nm2~l = nm{i+l) < q < »^m(j) + 1- 

Thus Jq is below Jn„,_i and hence by a < 71^2-1 the i-origin Jq is below K. 
This contradicts our hypothesis. 
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Thus we have shown i < i„i^i for any m G (mi, m(j)]. From this, ([TO)) and PT| 
we see z ^ In(p) and hence 

ini(p) = ini{pdi[p)) = zni(cr„^(.,+i). 

In particular, if rgi{p) -I, then (7^ = fdiip) — ^5i('''ri„,(i)+i)i i-e-, the j-origin of 
Jn^ii-. equals to the i-origin Jq of J. Therefore the i-origin of Jn^n-, is not below 
K and a fortiori not below the i„(i)_i-knot K^^ii)-!- Also the chain starting 
with Jrimii) passes through the left side oi Km{i)-i and i < Jm(0-i- Thus by IH 
we have ([T5)) for m = m(i). We see similarly that for each m G {rrii, ■m{i)] the 
i-origin of Jn„^ is not below K^-i and (J18p . 

Thus we have shown the Claim [^751 □ 



From Claim [5731 we see 

Vfe e (n„jj + 1, n + l]{p ^,; (Tb -<i crn„.j+l -^ « ^ -^J^Co-fc)} 

and hence 

V6 e (n„ij + l,n + l]{p ^i CTb ^i crn^i+i ^ 

mj(J) = m.i{Jb-i) = ini{Jn^^), i.e., mj(p) = in^{(Tb) = «'^i(o-n„j+i)}- 

Further 

V™ e (TOi,TO(i)]{p -(i a-„„+i ^i a-„„_i+i ^i cr„,„^+i}. 

Once more by IH we have, cf. Figures in the proof of Lemma F5.7I2[ Case 2., 
CTn^i+i ^i o-a and 

V& 6 (a,n„jj + l]{cr„^^+i ^i CT6 -^i aa ^i ^ In{ab)} 

and hence 

V6 e (a,ri„j + l]{cr„^^+i ^i at ^j era ^ 

J"-i(Jn,„J = ini{Jb-i) == mj(Ja-i), i.e., mj(cr„^^+i) = ini{(Jb) = ini{aa)} 

Thus we have shown Lemma [5.7141 D 

Proof of Lemma 15.7151 by induction on the number of sequents between K and 

Jb-l- 

Let Cf, = /o,...,/(,_i denote the chain starting with Jb-i = h-i- Each 
rule Ip is again a rule (c)^^^^. Chains C^ and C intersect in a way described 
as Typel (segment) or TypeS (merge) in (ch:link). If the chain Ct passes 
through the left side of K, then the i-origin Ig of Cb is above K if it exists, and 
hence the assertion follows from Lemma [5.7141 

Otherwise there exists a merging rule (S;)'"'^ / below K such that the chain 
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Cfc passes through the left side of / and C the right side of /. 



: C 



$,* 



Tc-i 
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^ c-1 



■ Cb ■ c 
n,'^B b',a 

ILA 



i^ir^i 



— {c)aJb-l 

^ b-1 

Then by Lemma 15.7131 we have i < I. The i-origin Iq of Cb is not below I. 
Therefore by Lemma [5.7141 we have 

Vd e (c, b]{a <i ad -<i <Jc ^ i ^ In{ad)} 

and 

a <i ac- 

Hence 

Vd £ (c, 6]{ct ^i ad -<i ac -> ini{ad) = «ni(ac)}. 

In particular 

ini{ac) = mi(a) & a -<i CTc (20) 

Now consider the member Jc-i of C. Jc-i is again below K, a„+i ^i ac and 
rgi{(Jc) — rgi{a) by (|20|) . Thus by IH we have 

Vd e (a,c]{ac ^i crd -<i aa ^ i ^ In{ad)} 

and 

Therefore 

Vd e (a, c\{ac dii (Jd ^i era -^ ini{(Jd) = ini{aa)]- 

This shows Lemma [5.7151 □ 

Proof of Lemma [5.7161 
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Pick a po so that n > pa > qo, p :<i cTpo+i and rgi{apg+i) = ag^ = k 



-^ (c)ct„ Ja-l 

; C ': 

$ -^A A '5 

^ i;^ (^^r^ ^ 

r 

-*- 90 

— (c)'* J,o (rg,(crp,+i) = k) 

90 
^ (c) I 

-p, l^^O-pf, + i >^po 

Po 
-^ (C)p Jn 

Lemma f5.7l6al First note that p <i (Jp^+i -<i rgi{ap^+i) = k by Proposition 
14.1121 (or by the proviso (ch:Qpt)) and hence p -<i k. Thus the assertion follows 
from Lemma 15.7151 and the minimality of qq . 

Lemma 15 .71651 Suppose rgi(at) 2^i k for a t with p ^^ Ot -<i k- Put (7^ = 
rgi{at)- Then by Propositions I4.1(T] and H.1I2I we have k = (Jqg ^j a^ and 
b < qQ < t ^ qQ > a. Hence by the minimality of go "^6 have b < a. 



^ b 

: C : 

$ -lA A ^ 

^ i;^ (^^r^ ^ 

?° 

— — (c)^, Jt_i 
^ t-1 

Thus by Lemma 15.7151 we have 
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From this and Lemma |5 . 7l6al we have 

ini{aa) = ini{at) = in,{K) kat <i k ^i aa (21) 

Case 1 t < Pq: Then CTpo+i ^i Ut ~<i k. — rgi{ap„+i) by Proposition 14 . 1 1 11 By 
Proposition 14. 1141 we would have ab — rgi{at) d:i k. Thus this is not the case. 

Alternatively we can handle this case without appealing Proposition 14.1141 
as follows. Let po denote the minimal po such that 

n> po> go kpdii (7p„+ik,rgi{(7p„+i) = aq„ = k. 

Then by (ch:Qpt) we have k = 'f'gi{ap„^i) = prfi(crp„+i) and hence this is not 
the case, i.e., po < t. 

Case 2 Po < t: Then ct dii <^po+i ^i ^- By (PT|) and Proposition 14.1131 or by 
Lemma r5.7l5l we would have ini{apg+i) = ini{K). In particular k — rgi{apg+i) = 
rgi{K) but rgii^n) is a proper subdiagram of k. This is a contradiction. 

This shows Lemma 15. 716 bl D 



Proof of Lemma 15.7171 by induction on the number of sequents between K and 
Jb-i- 

Case 1 Jq is the i-origin of J{,-i, i.e., Jq is a member of the chain starting 
with (c)ct Jb-i: By the proviso (st:bound) we can assume i ^ In{a). Then 
ini{a) — ini{pdi[a)) = ini{Jp) with Jp = pdi[Jb-i) &a<5— 1 <pby Lemma 
15.7121 In particular rgi{a) — rgi(pdi{(j)). IH and sti{pdi{a)) — sti{a) yields the 
lemma. 

Case 2 Otherwise: First note that an+i ^ u and (Jn+i ^i cr. By (ch:Qpt) we 
have 

pdi{an+l) = 0-n„(i)+l and Jn^(i^ =pdi{Jn)- 

Also t7„^, +1 <i a and hence cr„^,.,+i < a. Let mi denote the number such 
that 

mi = min{TO : Cn^^+i < ct} < m{i). 

Then the rule (c)(j Jb-i is a member of the chain C„^ starting with J„^ and 
Jb-i is below (Si^ _i) i^mi-i- Also the chain C„^ passes thorugh the left side 
of the knot Kmi-i- By mi < m{i) and Lemma 15.7111 we have crn„(i)+i ^i cr„^ 
and hence 

« < imi-i&cr„„^ ^i cr. (22) 

Case 2.1 Jq is below Kmi-i, i.e., Cg < a„^ _i+ii i-e., n„i-^-i < q: By IH and 
we get the assertion. 



Case 2.2 Otherwise: By Lemma [5.7151 and (P^ we have 

mi(cr) = mi(cr„^,^+i)&(7 ^i cr„^^+i. 

Hence sti{a) = sti(cr„,„^+i) &r5i((7) = r5i(cr„„^+i). IH and sii(cr„„^^+i) = 
sti(a) yield the lemma. □ 
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Lemma 5.8 Let TZ — Jq, . . . , Jn-i denote the rope starting with a top (c)^ Jq. 
Each Jp is a rule {c)^^-^^ . Let 

<no <ni < ■■■ <ni = n-l{l>0) ([IT]) 

be the knotting numbers of the rope TZ, and Km an im-knot (I]i^J'^"™+^ of Jn^ '■ 
and Jn^+i for m < I. For 2 < i < N let ni{i) denote the number 

m{i) = max{r7T, : < m < I &z,\/p Cz [0,m)(i < ip)} (|13p 

Note that im < N - 2 by (ch:left). Also put (cf. (ch:Qpt)) 
1. 

pdi = a„^(.j+i. 



i G In <=> EJp G [0,TO(i))(ip = i). 

3. Forie In {ij^N ~ I), 

Case 1 The case when there exists a q such that 

^p[nm{i) >P>q> n„i{i+i) kpdi <i CTp+i k.aq = rgi{ap+i)] (23) 

Then 

rgi = (Jq 

where q denotes the minimal q satisfying I123\). 

Case 2 Otherwise. 

rgi =pdi = CT„^^(.j+i. 

1. For each i ^ In we have 

(a) ini{rgi) = znj(M+i) kpdi <i rgi :<i pdt+i kpd^ ^ pd^+i. 

(b) Wt[rgi{pdi) ^^ at <i rgi ^ rgi{at) dii rgi]. 

(c) Either rgi = pdi or rgi{pdi) ^i rgi. 

2. Assume i £ Inlkuq := rgi ^ pdi, i.e., Case 1 occurs. Then 

S<x,(c;P)<« 

for the uppersequent c :Vq of the rule Jq, sti{ap^i) = d^+a and p denotes 
a number such that 

nm{i) >P>q> "m(j+i) &M = a-n,„(,)+i dii (Tp+ikcTq = rg^^ap+i). 
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Proof. 

Lemma 15.8111 

Let i € In, and put (jq^-, = rgi & Up^ — pdi kar = prfj+i. By the definition we 
havepo = ri^{i) + '^^r = n„(j+i) + l, m{i) > TO(i + l) &v„(j+i) = i, po < Qq < r 
and (Tpo :<i ago . Also 

Vp e [m{i + l),m{i)){i < ip). 

From this and Lemma [5.7111 we see 

Vp e [m{i + 1), m(i))(cr„p+i+i ^^ cr„p+i) (24) 

On the other hand we have by the definition of rgi = aq^ 

-^3q < qo3p[po -I <p<q> r -1 kpdi <i cTp+i & cr, = rgiicTp)] (25) 

Case 2. Then pd-i = rgi, i.e., po = QO: a-nd Lemma 15.811 bl vacuously holds. 
Lemma I5.8llal ini{ijq„) = ini{ar)Szaqg :<i ar, follows from (j24l) and Lemma 
[5Jl4l with ([25]). 



Case 1. Let m denote the number such that 

m{i) > 7Ti > m{i + 1) & n.m > Qa > n.m-i (26) 

i.e., the rule (c)'^™ Jqg is a member of the chain C„^ starting with J„„. 

Claim 5.4 Let pi denote the minimal pi such that ap^ <i Upj+i and dq^ = 
rgii<7pi+i)- Then pi < n„j&cr„^+i ^,; CTp^+i. 



i^:. 
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$m-l,*m-l 

^ go 

?0 
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pi 



m — l 



\^)i^n„t + l "Jrir, 



v 

Proof of Claim 15.41 Let mi denote the number such that 

m{i) > mi > m{i + l)&nmj >pi> nmi-i- 
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Then by ^^, pdi :<i cr„„^+i and pd^ <i CTpi+i we have g,t,„^ +i ^i gpi+i- It 
remams to show m — mi. Assume m < mi. Then by Lemma 15.7151 and go < 
rim^-i+l we would have mi(a-„„^_i+i) = ini{ap^+i) and hence rgi(cr„^^_^+i) = 
f9i{'^Pi+i) = o'go- This contradicts the minimahty of pi by (1241) . 



Km-l 



r 

-*- go 

(c)'-ff.(-Pi+i) J^„ 

90 



<i'mi-l,~'^mi-l ^mi-l,*mi-l .„ ,cr„ , ,-, 
5 ^^ (Si„^_J '"1 ' Km,-1 



r 



V 

J- Pi 



M T 



r' 

This shows Claim El ^ 

By the minimality of qq and the Claim 15.41 qq is the minimal g such that 

3p[n„i >p>q> n„i-i + 1 & cr„„+i ^,; CTp+i & CTg = rgi{ap+i)]. 
Hence by Lemma [5.7161 we have 

«?ij(o-„„_i+i) = ini{agg)kaqg <i o-„„_i+i (27) 

and 

'^^[O'n^ + l ^i CTt -<i CFqa => ^5i(o't) ^i O'go ] (28) 

Lemma r5.8llal By (P?]) it suffices to show that 

«»^i(o-„,„_i+i) = mj(pdj+i)&o-n™-i+i diipdi+i. 
This follows from ([24]) and Lemma [5T7l4l with (|25|) . 

Lemma I5.8llbl and I5.8llcl In view of (l^5|) it suffices to show the 
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Claim 5.5 (7p„ <i at -<i cr„,„+i => rgi{at) :<i aq„. 

Proof of Claim 15.51 by induction on t with po > t > rim + 1 ■ 

Let TO2 > m denote the number such that Uma+i ^ t > rim^. Then the 
chain Cn„, +i starting with J„^ ^^ passes through the left side of the rule 



■ l-n^a + i ; 



^7722 7 ~'-^'fn2 -^1712 1 ='^^2 



'^m2,'^m2 



— {C)a, Jt-1 

-L t-1 



(c)o-„„, , ,+1 Jj 



^■"^2 + 1 



+ 1 '^n7n2 + l 



We have 



'''"^2 + 1 + 1 -* ^* ^* '^n^^+l (29) 

by ([24| . Put ab — rgi{at). It suffices to show b> qo. 

First consider the case when b < nm2- Then by (|29p and Lemma F5.7I5I we 
have ini{at) = mj(cr„,„^+i) and rgi{at) = r5i(cr„^^+i). Thus IH when m2 > m 
and (j28p when m2 = tti yield b > qq. 

Next suppose 6 > 71^2 ■ Let qi < b denote the minimal q < b such that 

3p[nm2 + l >P>q> n,n2 + 1 & Cn^^^^i ^i (Jp+i & (Tg = rg,; (cTp+i )] . 

The pair (p, g) = (t — 1, 6) enjoys this condition. 

Then by Lemma [5 .7161 we have aq^ :<{ (T„^ +1. Thus ab dii Cg^ <i i7„^, +1 <i 
Cn„+i ^i CTgo. This shows Claim [5751 □ 

Lemma EIHl 

First observe that as in (f22|) in the proof of Lemma 15.7171 

Vm < m(j)[CT„,„,,j+i ^i o-n„+i] (30) 

Put 

mi — min{?77, : p < n™} 

m2 = min{?77, : q < rimy- 
Then the rule Jp [Jq] is a member of the chain Cn„^ [Cn„„ ] starting with J„^ 
[starting with J„,^ ], resp. and 7n(i + 1) < 7122 < mi < m{i). 

Claim 5.6 (C'f. Claim [77^ j There exists a po such that 

in,{ap+i) = mi(crpo+i)&o-„„^^+i ^^ crp(,+i&n,„2 > Po > "ma-i, 
i.e., the rule Jpg is a member of the chain Cn^ starting with J„^ . 
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Proof of Claim [HiHl 

1. The case mi = 1712'- By (1501) and cr„^j.j_|_i :<i fXp+i we have 

Cn^^+l ^i tJp+i. (31) 

Set po = p. 

2. The case 7712 < mi: By ([5T|) and Lemma [5.7151 we have 

ini{ap+i) = mi(cr„„^^_j+i) = • • ■ = ini{an^^+i) 
and 

Set Po = "•ma • 

This shows the Claim \5M □ 



By the Claim \UM and Lemma r5.7l7l we conclude rgi{ap+i) = rgi{apg+i) and 
Ba,{c;P) < b{sti{apg+i)) = 5(stj(o-p+i)) = a. 

D 
Main Lemma 5.1 If P is a proof, then the endsequent of P is true. 



In the next section we prove the Main Lemma |5. II bv a transfinitc induction 
on o{P) G Od{nN) I n. 

Assuming the Main Lemma [5.11 we see Theorem 11.11 as in [5], i.e., attach 
(h)'', (cBa)" and (/i)" as last rules to a proof Pq of A" in Tat. 



: Po 
AP 

A 



a (cn2)2 



6 Proof of Main Lemma 

Throughout this section P denotes a proof with a chain analysis in T^vc and 
r : Trdx the redex of P. 

Ml. The case when r : Trdx is a lowersequent of an explicit basic rule J. 
M2. The case when r : Trdx is a lowersequent of an (ind) J. 
M3. The case when the redex r : Trdx is an axiom. 
These are treated as in [5], [6]. 



By virtue of Ml-3 we can assume that the redex r : Trdx of P is a lowersequent 
of a rule J — r * (0) such that J is one of the rules (Il^-rfl), (Iljv-rfl) or an 
implicit basic rule. 

M4. J is a (n^-rfl). As in 5 introduce a (c)^^^^ and a (cut). 

M5. J is a (njv-rfi). 

M5.1. There is no rule (c)'^ below J. 






r :r 
a : $ 



ao : A 



(hr 



where a : $ denotes the uppermost sequent below J such that h(a; P) ~ n. The 
sequent oq : A is the lowersequent of the lowermost {hy ■ 
Let P' be the following: 



z :— a 



r , ^ -^",r 



-^A" 


,r 


^> 


$ 


-^A" 


$ 



aV ('^^^ ^#A ('^^'^ 

^;-A ^^''-'> -^^ P' 

where the o.d. a in the new (cnjv)J Jo is defined to be 

a = df^a with q = h'TnrN — \,v = o(ai; P') and a — tt ■ o(ai; P') + K..,^{a] P) 

Namely In{a) = {N — 1}, sijv-iCc) = i^ and pdN~i{cr) = rgN^i{a) = n. 

Then as in [B] we see that $ C A'^, a < Bk^{a;P)&:a < o{ao;P), o & 
Od{UN) and o{ao;P') < o{ao;P)- Hence o{P') < o{P). Moreover in P, no 
chain passes through ao : A, and the new {'S'nY Jq does not split any chain. 

M5.2. There exists a rule [cY Jo below J. 

Let TZ — Jo, ... , Jn-i denote the rope starting with Jq. The rope TZ need not 

to be a chain as contrasted with [B]. Each rule Jp is a (c)crp+i. Put a = an- 
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J 



aoro 



7 (c)^, ^0 






dn-i '■ r. 



r' 


-1 


an : 


r„ 


a : 


$ 



(c)^" ' Jn-1 



{^N-lY J'n^l 



where a„ : r„ denotes the lowersequent of the trace (S^v-i)'^ J'n-i of Jn-i, and 
a : $ the bar of the rule (c)o- Jn-i- Let (Ejv-i)'^'"''^ ^1 denote the trace of Ji for 
Q <i <n. Put 

/i :=h(a;P). 

By Lemma [5^ there is no chain passing through the bar a : $. 
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Let P' be the following: 





V,A 






4 :ro,A 






r[„^- -^0 










al 


yl ACT "^n-l 






T. Ap (Ciiwjp 


J, 









-A'',r„ 



^7^ {^NYJ'n p, 

For the proviso (Ibranch) in P', any ancestor of the left cut formula of the 
new (Sat)'' J^ is a genuine n]^-forniula A'^ for a t with p <t. The formula A'^ 
is not in the branch T from r : F to a : $ in P since no genuine H^^-formula 
with r > ri is on the rightmost branch T. Therefore any left branch of the new 
(Eat)'' J'^ is the rightmost one in the left upper part of the J^ in P' . 

In P', a new chain Jq, . . . , J^_i, Jn starting with the new J„ is in the chain 
analysis for P' and p = d'^a £ T>cr is determined as follows: 

b{p) = a^ 

max{B^{oiai; P')), B>,({a} U ia„;P))} + w°('^"'^') + max{/C,(a„; P), IC,{h)}, 

fgN-i{p) = TT and stN-i{p) = o{a[i;P'). 
Let 

< no < ni < • • • < n; = n - 1 (? > 0) pT]) 

be the knotting numbers of the rope TZ and Km an im-knot (I]i^)°'"">+i of J„^ 
and Jn^+i for m < I. Let r?T,(i) denote the number 

m(i) = max{rn : < m < I kVp e [0,ni){i < ip)}. ([T^ 

Then pdi{p), In{p),rgi{p),sti{p) are determined so as to enjoy the provisos 
(ch:Qpt) and (st:bound). 

1. pdi{p) = (Tn,y^,i-y+i for 2 < i < N. Note that pdi{p) ^ tt = ctq since no > 0, 
cf. the condition ([5]) in Section 0] which says that pdN^i{p) = tt O <t = tt. 



51 



2. N -I e In{p) and i E In{p) <^ 3p G [0, ■m{i)){ip = i) ior 2 < i < N ~ I. 

3. Let i E In{p) hi ^ N — \. q denotes a number determined as follows. 
Case 1 The case when there exists a q such that 

Then q denotes the minimal q satisfying (|14p . Note that p ^i CTp+i 
is equivalent to pdi{p) = cr,!^ +i ^^ cTp+i- 

Case 2 Otherwise. Then set q = n„i[i) + 1. 

In each case set rgi[p) = Uq := k for the number g, and sti{p) = d^+ai for 

where a' denotes the uppersequent Vq^A"'' of j' in the left upper part of 
{-^NYJ'^inP'. 

By Lemma [4.21 we have B-^^+{ai) C 6>K(ai) < a^, and hence sti{p) G 

OdiJlN). 

Obviously the provisos (ch:Qpt) and (st:bound) are enjoyed for the new 
chain Jg, . . . , Jn-ij Jn- 

Observe that, cf. ^ in Section [H 

TT < /3 e g = Q{p) ^13 = stN-i{p). 



Claim 6.1 p ^ dla e Od(IlN). 

Proof of Claim O 

(O S>ct({o', a} U (?) < a: By Lemma H?^ we have S>cr({cr, a}) < a. It suffices 
to see 6>ct((7) < a. By the definition we have {pdi{p),rgi{p) : i £ In{p)} C 
{ap, <Jp : p < n}. On the other hand we have Bya-iWp, Cp : p < n}) C S>cr(o'). 
We have Bya{stN-i{p)) C S>ct(q;). Finally for sti{p) = d^^+Ui with i < N — 
1, we have B>a{.sti{p)) C S>o-({cr, aj) U {aj, and ;B>cr({cr, aj) C BycriW, a}) 
and a^ < a. 

(DQ.12): 

Case 2 This corresponds to (r''^.12.1), n — rgi{p) — pdi{p). Let ai denote the 

diagram such that p r< ai G P^- Then 

ai = 0-„^(,j+2 (pdiip) = cr„^(,j + i &cr„+i = p). 
We have by Lemma [4.21 and (c:bound2), 

6>a(S«(a«„(,,+i;-P)) < -S«(an„(.)+i;^) < &(ai). 
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On the other hand we have for sti[p) — d^+ai 

B>^{sU{p)) C S>„({K,aJ) < i3>^(BK(a„„(.)+i;F)). 

Thus B>^{sU{p)) < 6(qi). 

Case 1 This corresponds to (2?'3.12.2), rg,{p) = rg,{pd,{p)) or to {V^.U.S), 

rgi{pdi{p)) -<i K, by Lemma l5.8llcl Let p denote the maximal p such that 

rgi{ap+i) = (Tq= rgi{p) kpdi{p) <i ap+i. 

sti{p) < sti{pdi{p)) for the case (2?'^.12.2) and sti{p) < sti{ap+i) for the 
case (2?"^. 12. 3) foUow from Lemma [5.8121 since for r5i(crp+i) ~ aq — rgi{p) 

h{sU{p)) = B^y^;P') < B,^iaq;P) < b{sU{ap+,)) 

and hence by Lemmata 14.11 and 14.21 

sti{p) < sti{ap+i). 

(PQ.II) and (X><3.12.3): These fohow from LemmaEMl 

{V^.2): Vr < rgi{p){KrSti{p) < p). For r < k = rgi{p) and sti{p) = d^+ai, 

we have Kr{sti{p)) = Kr{n, oii] < /Cr(ai; P') < p as in the case M6.2 in [5]. □ 

As in the case M6.2 in [Bj we see that o(P') < o{P). 

We have to verify that P' is a proof. The provisos other than (upWl) are 
seen to be satisfied as in the case M5.2 of |6]. For the proviso (forerun) see 
Claim 16.31 in the subcase M7.2 below. It suffices to see that P' enjoys the 
proviso (uplwl) when the lower rule j'™ is the new (Sat)'' J^- For example the 
left rope _r-„7^ of the im-knot (I],;^)'^"'"+i K„i of J„^^ and Jn^+i ends with the 
rule (c)o- Jn-i- We show the following claim. 

Claim 6.2 Any left rope j^ipTZ of a knot J"^ in the left upper part of the new 
{J^nY J'n does not reach to J^. 

Proof of Claim 16.21 Consider the original proof P. By Lemma 15.21 there is no 
chain passing through the bar a : $ and hence it suffices to see that there is no 
rule (c)p above a : $. First observe that we have p < t for any rules (c)i- and 
(Si)'^ which are between (lljv-rfl) J and a : $. Thus there is no rule (c)^ on the 
branch % from (c)'^ Jq to a : $. Consider another branch T above a : $ and 
suppose that there is a rule (c)^ / on T. We can assume that the merging rule 
K oi T and To is below Jq and hence the rule X is a {^iY- By the proviso (h- 
reg)(cf. Definition 5.4.4 in [B].) we have t < a, i.e., K is between (c)^""^ Jn~i 
and a : $. Then we have seen p < t and hence the trace {Yin^i)^ Iq of (c)^ / is 
below K by the proviso (h-reg). Therefore the chain stating with the trace Jq 
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passes through the left side of K. This is impossible by the proviso (ch:left). 

-rr {c)pl 77, ic)a Jn-l 

^2 ^ n-1 



: r : To 






(s,ri^ 



i^N-lYlo 



r,ro 



In what follows we assume that r * (0) = J is a basic rule. Let v*{Q) = I denote 
the vanishing cut of r * (0) = J. v * (0) = / is cither a (E^) or a (cut). 

M6. / is a (Sjv)"- 

a<cr,Ao -^A%_^{a),Ao 



3x < a^A'J^_^{x),Ao 
r,> -^A'^,A 



{b3)J 



V :r,A 

where A = \/xAf^[_i{x) is a n^v formula. 
Assuming a < a let P' be the following: 



A^„i(a),Ao 



{^nTI 



^A^,Ao,-A^_i(a) 



r,A,-A^_i(a) r,A%_,ia) 



(^Af-l)'^ -^JV-1 



w : 1 , A P 

where, the preproof ending with T, A']^_-^^(a) is obtained from the left upper 
part of / in P by inversion. 

As in the case M6 of [6] we see that o{v; P') < o{v; P). 

For the proviso (Ibranch) in P', cf. the case M5.2. We verify that P' is a 
proof with respect to the proviso (uplw) . 
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The proviso (uplwl) when the lower rule J'™ is the new (S 



N-l/ 



lN-1- 



Consider the original proof P. By Lemma 15.31 no left rope in the right upper 
part of (Sjv)'^ I reaches to /. Also by (uplwl) with the lower rule J'™ = / there 
is no left rope of an i-knot J"^ reaching to /. 

The proviso (upWr) when the lower rule j'™ is the new (I]Ar_i)'^ In-i- As 
above there is no left rope of an i-knot J"^ reaching to /. 

The proviso (upWr) when the upper rule J"^ is the (Ejv-i)'^ In-i'- {'^n-iY In- 
is not an {N — l)-knot since there is no chain passing through (Sat)'^ / by 
(ch:pass). 

For the proviso (forerun) see Claim 15751 in the subcase M7.2 below. 

M7. / is a {T.^+lY with 1 < i < iV - 1. 

Then J is either an (3) or a {b3). Let uq : ^ denote the uppermost sequent 

below / such that h{uo; P) < a + i. Also let u : $ denote the resolvent of /, cf. 

Definition 15.51 

M7.1 uq = u. 



a<r,Ao AJ{a),Ao 



^[+1, Ao 



r,-v4f+i 



r,A 



* 



A'^ A 



(S 



1+1/ 



where A^+i = 3yAi{y) is a S^+i formula. Also if x is an (3), then r = tt and 
the left upper part of the true sequent a < r, Aq is absent. Anyway a ^ t. 
Assuming a < t and then a < cr by (c:bound), let P' be the following: 



^[(a),Ao 



iw) 



^r+i,Ar(a),Ao 

Afia),T,A r,A,-Af(a) 

u : * 



H 



{^^r 



p' 



It is easy to see that o(u; P') < o{u; P). For the proviso (Ibranch) in P' , cf. the 
case M5.2. To see that P' is a proof with respect to the provisos (forerun), 
(uplw), cf. the subcase M7.2 below. 
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M7.2 Otherwise. 

Let K denote the lowermost rule (Si+i)"' below or equal to /. Then uo : ^ is 
the lowersequent of K by (h-reg). There exists an (i + l)-knot {Y^i+iY which 
is between an uppersequent of / and uq : ^. Pick the uppermost such knot 
{Tijj^iY K^i and let k^iT^ — Jo,- ■ ■ , Jn-i denote the left rope of K-i. Each 
Jp is a rule {c)al+i with a — o-q- Let 

< no < ni < • • • < n; = n - 1 (/ > 0) ^ 

be the knotting numbers of the left rope k^iTI and Km an im-knot (Si^)'^""'+i 
of J„^ and Jn^+i for m < I. Put 



m{i + l) = max{m : < m < /&Vpe [0, m)(i + l < ip)} ^ 

Then the resolvent u : $ is the uppermost sequent u : $ below Jr!,„(i_|.i) such 
that 

h{u;P) < cr„„(^_^i)+i +i. 

In the following figure of P the chain C„,^^j starting with Jnm+i passes through 
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the left side of K„ 



a<T,Ao Al{a),Ao 



i^U)I 









Ao 




: Ti 






T, 


-14°" 
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i; :r,A 
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^ i-r.. Jo 








r' 

p/ (c)<T„::+ 


J, 



• c 









- "m + l / N^n^ + i 



r' 

F 



r' 






(c) '"^' J 



Hm+l 
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: Ti 


u 


$ 
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Assuming a <t and then a < (T„ < crn„(i)+i, let P' be the foUowing: 

A[(a),Ao 






{w) 



Tr 






n,A"n«) " 



^^r(«),n 



r„„,^i (a) ^yi':'""+Va) r 

■ C' : 

TT D R A /l^"TTi + l/' "^ ' ^m + 1 



n™,A™,Ar'"+^(a) 



Ar'"+'(a),n™,A, 















.(i+l)+l/ N "™('+l) 



: \r{ cTr 

P' 
Here h denotes a (Si)'^"'"('+i)+'. 

It is straightforward to see o(u; P') < o{u; P). We show P' is a proof. 

First by Lemma I5.5[ in P every chain passing through the resolvent u : $ 
passes through the right side of / and, by inversion, the right upper part of / 
disappears in P' . Hence the new (Ej)'^""'<'+i)'''^ /j does not split any chain. For 
the proviso (Ibranch) in P' , cf. the case M5.2. 

Claim 6.3 The proviso (forerun) holds for the lower rule j'"" = li in P' . 
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Proof of Claim 16.31 Consider a right branch Tr of /^ . We show that there 
is no rule K such that % passes through the left side of K and h{a] P') < n 
with the lowersequent a of K. The assertion follows from this and (h-reg). 
The ancestors of the right cut formula -^A,- ""<*+^' (q-) of li comes from the 
left cut formula "i^f+i of / in P. Let 7^ denote the branch in P' from the 
lowersequent v^ : -'Af{a),T,A of the new (w) to the right uppersequent u*(l) : 

-.A^"'""+"^'(a), $ of /,. Also let Ti denote a (the) left branch of / in P. There 
exists a (possibly empty) branch To such that % = To"Ti'~'T{- By (Ibranch) 
any left branch 71 of / is the rightmost one in the left upper part of /. Therefore 
there is no rule K such that % passes through the left side of K and h{a; P') < tt 
with the lowersequent a of K . □ 

Claim 6.4 The proviso (uplwr) holds for the upper rule J"^ — It in P' . 



Proof of Claim \6A\ Suppose that li is a knot. Then there exists a chain Ci 
starting with an /i such that Ci passes through the left side of li. This chain 
comes from a chain in P which passes through u : $. Call the latter chain in P 
Ci again. Further assume that, in P', the left rope i^TZ of li reaches to a rule 
(Ej)** j'"' with i < j. Let I2 denote the lower rule of li. We have to show li 
foreruns j'™. It suffices to show that, in P, any right branch T of J'™ passes 
through the right side of / if the branch T passes through u : $. Since, by 
inversion, the right upper part of / disappears in P', for such a branch T there 
exists a unique branch T' corresponding to it in P' so that T' passes through 
the left side of li and hence T' is left to li . 
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': ': V 

F,^kf^i Af^i,A,Af(a) 

T,K,A1{a) 



■ Iw 1 



^Cly, 



$,4; '"<"^ {a) 



-A- 



r.(.)+l 



(a),$ 



Tzu,, Aj- 



r 



J'-' 



P' 



59 



Case 1. The case when, in P, there exists a member I3 of the chain Ci such that 
I3 is between u : $ and j'*", and the chain C3 starting with I3 passes through 
the resolvent m : $ in P: Then by Lemma [5.51 the chain C3 passes through the 
right side of /. The rope TZi^ starting with I3 in P corresponds to a part (a tail) 
of the left rope i^TZ in P' . Thus by the assumption the rope TZj^ also reaches to 
jiw jj^ p fjgjj(jg ]-,y (forerun) there is no merging rule K such that 

1. the chain C3 starting with I^ passes through the right side of K, and 

2. the right branch T of j'"" passes through the left side of K. 
Therefore the right branch T of j'™ passes through the right side of / in P. 

': '■■ C3, r 

r,A,Af(a) ^ 






A2 
A^ ^ 



A3 . 
A^ ' 
: : 7^/3 c /.7^ 



/i 



J' 



^u; 



Case 2. Otherwise: First we show the following claim: 

Claim 6.5 In P , we have m{i + 1) < I for the number of knots I in ill}) , and 
I2 is the lower rule of the i^i^i^iyknot K^i^i^iy Let Kmu+i)'^ denote the left 
rope of K,-^fi_^_i\ in P. Then k^^^uT^ reaches to j'™. 

Proof of Claim [675] In P', the lower rule I2 of the knot /,; is a member of the 
chain Ci starting with /i and passing through the left side of li. Further I2 
is above j'™ since the left rope i-TZ of li is assumed to reach to j'"' in P' , ci. 
Definition 15.71 Since we are considering when Case 1 is not the case, in P, 
/i is below j'™ and the chain C2 starting with I2 does not pass through u : $, 
and hence chains Ci and C2 intersect as Type3 (merge) in (ch:link). In other 
words there is a knot below u : $ whose upper right rule is (c)„ _^, Jn ,■ , ,^■ 

This means that the knot is the i„(j_|_]^)-knot ^rn(i+i)- Thus we have shown that 
m(i + 1) < Z and I2 is the lower rule of the «m(i+i)"knot ^m(i+i)- 

Next we show that the left rope k^u^i^T^ of Km{i+i) reaches to j'™ in P. 
Suppose this is not the case. Let (c)k4 Ia denote the lowest (last) member of the 
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left rope k^u+uT^- Then k < K4 for the rule (Ej)" J'"^'. By k < K4, the next 
member (c)"'' I5 of the chain Ci is above j'™. Since we are considering when 
Case 1 is not the case, the chain C5 starting with I^ does not pass through 
u : $. By Definition 15 .4161 of left ropes and (ch:link) there would be a knot K' 
whose lower rule is I5 and whose upper right rule is I4. This is a contradiction 
since I4 is assumed to be the last member of the left rope K^i^.^^Tt. This shows 



Claim [ 

In the following figure note that u : $ is above K^ 
definition of the resolvent w : $. 



ii+i) 



by (h-reg) and the 



C2 — C„ 



n„ 



;(i+l)i 



-B„ 



,(»+!) 






Bm(i+1), A„(j_|_i) 



^m{i+l)i ^m{i+l) 



(I],„,,^,,)""'"(»+i)+^i^™(,+l) 



A2 . .c 

-XT (c) 



A4 . . 



A 



n, 



C5 



5, A 



n,A 



if' 



As 
^5 



i Ci 



i^.rj' 



Ai 



A'l 



7^1 



By Claim Wl5[ (uplwr) and irn{i+i) < i < j, -f^m(i+i) foreruns j'' 
Therefore the right branch T of j'™ is left to K, 



P 

D 
in P. 



'rnii+i)- Also by (h-reg) ii:„i(,+i) 
is below u : $. Hence T does not pass through u : $ in this case. This shows 
Claim [631 In the following figure C2 denotes the chain starting with l2- 



61 



u : $ 



(S,„^^^,,)'^"'"<'+i)+^X„,(,+ 



A2 

'" ■l(i+l) 



A^'' 



K^u^.-^Tl 






^ Iw ; ^Hw 



Claim 6.6 The proviso (uplw) holds for the lower rule J — li in P' . 



P 

a 



Proof of Claiming Let J"^ be a j-knot (Sj) above 7^. Let Hq denote the lower 
rule of J"P. Assume that the left rope j^^pTZ = Hq, . . . , ilfc_i of J"^ reaches to 
the rule li. We show 

i < j 

even if J"p is in the right upper part of li . Consider the corresponding rule J"^ 
in P. 

Case 1 Either J"p is / or between / and m : $: If either J"^ is / or an i,„-knot 
K„i with m < m{i + 1), then i < i + 1 — j or i < im — j by p^ . resp. 

Otherwise J"'' is between Km-i and J„^ for some m with < m < m{i + l). 
Then the rule J"^ is the merging rule of the chain C„^ starting with Jn^ and 
the chain Chq starting with Hq so that C„^ passes through the right side of 
J"P and Cho the left side of J"^. Hence by (ch:link) Type3 (merge) the rule 
Hk-i is above Jn,„ and the left rope HoT^ does not reach to li. Thus this is not 
the case. 
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• c 

^m-l,^Bm~l -Bm-l,A,„_i 



K, 



rn — 1 



A,* 



A' ^ 
q 



jup 



Ak-1 



'-'11. 



r' 



where Hq denotes the lowermost member of HoT^ such that the chain Cr start- 
ing with Hq passes through the left side of J"p. By (ch:link) TypeS (merge) 
the rule Hq is above J„^ and so on. 

Case 2 J"^ is in the right upper part of /: Then the left rope HqT^ reaches to 
/. Hence by Lemma WM i.e., by (uplwr) we have i < i + 1 < j. 

Case 3 J"^ is in the left upper part of /: Then the left rope HoT^ reaches to /. 
Hence by (uplwl) we have i < i + 1 < j. 

Case 4 Otherwise: Then there exists a rule K such that J"^ is in the left upper 
part of K and K is between / and $. By (h-reg), (ch:pass) K is a rule (Sp)**- 
The left rope HqTI = Hq, . . . , Hk^i reaches to K. Hence by (uplwl) we have 

P < J (32) 



A/-nC C> r,-Af+i Af+i,A 

_^ jup , 

A,* "^ r,A 

Tk',^D D,'Ak 



rK,AK 

Case 4.1 Hk-i is below K: Let K' denote the uppermost knot such that K' 
is equal to or below K, and there exists a member of HoT^ such that the chain 
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starting with the member passes through the left side of K' . Let Hq be the 
lowermost meraber of HqT^ such that the chain Cr starting with Hq passes 
through the left side of K' . If there exists a member of HoT^ such that the chain 
starting with the member passes through the left side of K , then K' is equal to 
K. 

jup 

Tk.^D D,Ak 



Tk.A 



K,^^K 



4"' 



{Y.pYK = K' 



Otherwise K' is below K and it is a knot for the left rope HoT^- Let Hq^ denote 
the lowermost member of HoT^ above K. Then Hq -^ is an upper right rule of 
the knot K' and K' is a rule {'Z'p'Y ^'^^^ 



p'<P (33) 



by (h-reg). 



jup 







- Hq_^ 


I 






r^,- 
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D,'Ak 


(^ 






TkAk 




w 




■■Ch, 








Tk' 


,^D' 


D',Ak' 


i^p'T 


K' 




Tk'^Ak' 






H, 







By Lemma 15.11 the uppermost member of Ch below K' is the lower rule of 
the knot K' . By ([32| . (|33|) and Case 1 it suffices to show that the left rope 
K'TZ = Go, . . . , Gko of K' reaches to U, i.e., to show the last member Gko is 
equal to or below the rule Hj^-i- Then we will have i < p' < p < j- 

Let Go = Hqg (go > q) denote the lower rule of K' and Gki the lowermost 
member of x'Ti- such that the chain Cg^, starting with Gki passes through the 
left side of K' . Then by (ch:link) Gki is equal to or below Hq. 

Case 4.1.1 Gk^ = Hq-. Then Gk^ = Hk-i, i.e., Gq^-q^ = Hq^ for any qi with 
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qo < qi < k. 



a; 



K' 



90 TT _ n 

,-r- J^nn — (_f 



I — go ~ ^0 



Aq 






11 

DlA;,-, 



a' 



9+1 rr _ ^ 



A;+i 



Ao, 

91 



where Ki is a knot of -ffq+i = Gq+i_g„ and Hq = Gki with q + 1 — qQ = fci + l. 
Case 4.1.2 Otherwise: Then by (ch:link) Gfe^ is aheady below Hk-i- 
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i mg 
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-^D' D'^Kk- 
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./ ^q '^q-qo 


^K, 




Di,'Ak, ,^ 



Ag+1 
A;+i 



iJg+i — Gq+i-qo 



A91 „ _ ^ 

91 



Afe-1 „ _^ 



Al 



-1 



■'^fci+90 r^ 

A' "' 

where K^g is a merging rule of the chain Ch starting with Hq and the chain 
Cof. starting with Gk^- Since the chain Ch^+i starting with the lower rule 
iJg+i = Gq+i-qg of Ki passes through the left side of Ki, Gk^ is not equal to 
Hq^i and hence is below i?g+i and so on. 

Case 4.2 iJfc_i is above K: Then Hk-i is a rule (c)ct„ +1 and K in a. rule 

(Ep)'^"™('+i)^\ Let d : Tk^^D denote an uppersequent of K. By (h-reg) 
and the definition of the sequent u : $ we have <7n,n,i^u+i + * < h{d] P) < 
i7n^(,^jj+i +p-l. Thus by ^^ we get i < p - 1 < j. 
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jup _ 



nTO(i+l), A„j(j^]^ 



(I].„,,^„)"""^('+i)+^if™(,+l) 



where the im(i+i)-knot -/^^(i+i) disappears when TO(i + 1) = / m ([1/ 

This shows Claim 1521 n 



M8. /is a (Ei)"^. 

This is treated as in the case M8 of [B]. 

Other cases are easy. 

This completes a proof of the Main Lemma 15.11 
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